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ABSTRACT

A detailed code verification study of an unstruetufinite volume Computational Fluid
Dynamics (CFD) code is performed. The Method of Mantured Solutions is used to generate
exact solutions for the Euler and Navier-Stokesatiqus to verify the correctness of the code
through order of accuracy testing. The verificatiesting is performed on different mesh types
which include triangular and quadrilateral elememts2D and tetrahedral, prismatic, and
hexahedral elements in 3D. The requirements ofesyastic mesh refinement are discussed,
particularly in regards to unstructured meshesfe@ht code options verified include the
baseline steady state governing equations, trahspodels, turbulence models, boundary
conditions and unsteady flows. Coding mistakesorélgm inconsistencies, and mesh quality

sensitivities uncovered during the code verificatawe presented.

In recent years, there has been significant workherdevelopment of algorithms for the
compressible Navier-Stokes equations on unstrudtgriels. One of the challenging tasks during
the development of these algorithms is the fornmubabf consistent and accurate diffusion
operators. The robustness and accuracy of diffugp@nators depends on mesh quality. A survey
of diffusion operators for compressible CFD solvéssconducted to understand different
formulation procedures for diffusion fluxes. A patwise version of the Method of
Manufactured Solutions is used to test the accuohselected diffusion operators. This testing
of diffusion operators is limited to cell-centeréidite volume methods which are formally
second order accurate. These diffusion operatersested and compared on different 2D mesh
topologies to study the effect of mesh qualitygtning, aspect ratio, skewness, and curvature)
on their numerical accuracy. Quantities examineduole the numerical approximation errors
and order of accuracy associated with face grademanstruction. From the analysis, defects in
some of the numerical formulations are identifitmhg with some robust and accurate diffusion

operators.
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Nomenclature

Co, G = specific heats, J/KgK

DE = discretization error

e = energy, J

Op = coefficient of the leading error term

h = normalized grid spacing; enthalpy, J/Ki§
h = heat of formation, J/KgK

F = blending function

f = general solution variable

k = turbulent kinetic energy

p = spatial order of accuracy; pressure, R/m
q = temporal order of accuracy

o'} = laminar heat flux

Or = turbulent heat flux

R = gas constant, J/KK

r = refinement factor

T = temperature, K

t = time, sec

Vi = Volume of cell ‘'

u, Vv, w= Cartesian velocity components, m/s

X, ¥,Z = Cartesian coordinates, m

viii



Greek Symbols

error
= viscosity, N sec/nf

T = turbulent viscosity, N sec/n
= density, Kg/m
= turbulent dissipation rate

Superscripts

n = time level

Subscripts

exact = exact continuum value

k = mesh level, 1, 2, 3, etc.; fine to coarse
ref = reference value
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1. Introduction

1.1  Motivation

Computational Fluid Dynamics, CFD, is playing arereincreasing role in the design,
analysis, and optimization of many engineering [gmis. CFD is used across all disciplines
where fluid flow is important. Apart from the CFI[p@lications in aerospace engineering, other
applications of CFD are in automobile engineeringustrial manufacturing, civil engineering,
environmental engineering, naval architecture aadymimore. It is therefore very important that
decision makers have confidence in the correctnésse CFD predictions. With increases in
computational power, CFD practitioners often foars solving more complex and difficult
problems rather than demonstrating accuracy of th@irent problems, which can lead to a

decrease in the quality of the simulations.

With the numerical problems involving fluid flowsetfing more complicated, mistakes
made by the developers in building a CFD code fivisg those numerical problems will
increase. Hattdnconducted a study on the reliability of the sdfenisoftware. According to
Hatton, approximately 40% of the software failuege caused due to static faults which are
mistakes made by the developers during buildingdecSome examples of static faults include
dependency on uninitialized variables, too manyiargnts passed into a subroutine, use of non-
local variables in functions, etc. Hatlarlassified his study into two parts which are eciively
called the “T Experiments”. In the first part oetlstudy, he examined codes from a wide range
of scientific disciplines using static testing wleesting can be done without running a code and
in the second part of the study he examined cades single disciple using dynamic testing.
During the static testing, Hatton examined 100edéht codes in 40 different application areas
written in C or FORTRAN. He observed that the C epdontained approximately 8 serious
static faults for every 1000 lines of executablelegowhile the FORTRAN codes contained
approximately 12 serious faults per 1000 lines Wltan lead to the failure of software meaning
software giving a wrong solution. In his dynamistieg, where the testing is done by actually
running the code, Hatton examined codes in the @reaismic data processing. In this study, he
examined 9 independent, mature commercial code®lagsd independently by different

companies which employed the same algorithm, theegarogramming language, the same user



defined parameters, and the same input data andgireement between the codes was only
within 100% (i.e., a factor of two). These expenmsedone by Hatton provide motivation to
work towards building confidence in CFD solutioro it is necessary to find any coding
mistakes or bugs that may have been made duringebhelopment stage of a code. Engineers
and other CFD practitioners who rely on the nunasolutions from CFD codes need assurance
that the codes are free from coding mistakes. Tbeegure of finding mistakes in the code is

called code verification.

1.2  Literature Review

Topics investigated include the code verificatidrfioite volume CFD codes using the
Method of Manufactured Solutions and also the roimss and accuracy of diffusion operators.
The numerical formulations of the diffusion termstine Navier-Stokes equations are termed as
diffusion operators. During the code verificatiorogess of an unstructured finite volume CFD
code, it was observed that the formulation of anueate and robust viscous operator is a

challenging task which motivated the study andngstf different diffusion operators.

1.2.1 Code Verification

Verification of CFD codes has been the subject afiyrnstudies in recent years. Abanto et
al> demonstrated an approach to test the accuracynoé ®f the most widespread commercial
codes. They presented grid convergence studiesypical CFD cases using some commercial
CFD packages. Their verification test cases incluéncompressible laminar Poiseuille flow, a
manufactured incompressible laminar boundary |8ger, an incompressible re-circulating flow
and an incompressible annular flow. Different typéstructured and unstructured meshes were
used during the study. They observed non-monotgne convergence for all their test cases.
Iterative convergence of the discrete equationsiaghine zero did not guaranty accurate flow
field predications which meant that the codes coye to wrong solutions. From their study,
they recommended that users perform the verifinatiocommercial CFD codes and be cautious

when using the commercial codes on industrial fnoisl

Kleb and Wood pointed out that the computational simulation camity is not
routinely publishing independently verifiable tests accompany new models or algorithms.
They mentioned the importance of conducting comptitevel verification tests before

attempting system-level verification and also psiilig them when introducing a new
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component algorithm. They proposed a protocol fog introduction of new methods and
physical models that would provide the computaticc@mmunity with a credible history of

documented, repeatable verification tests that dveakble independent replication.

Roaché discussed the verification of codes and calcutatialong with some definitions
and descriptions related to confidence buildingcamputational fluid dynamics. Verification
was described as solving the equations right ardiateon as solving the right equations.
Different aspects discussed in the paper incluéediktinction between code verification and
validation, grid convergence and iterative conveoge truncation error and discretization error.
Also discussed were verification of calculationsyroe taxonomies, code verification via
systematic grid convergence testing, the Grid Cayerece Index (GCI) and sensitivity of grid
convergence testing. According to the author, ieatifon does not include all aspects of code

guality assurance like the important concerns o$iea control or archiving of input data.

In the books by Roachand Knupp and Salatithe authors comprehensively discussed
code verification, the Method of Manufactured Siolns (MMS) used to obtain exact solutions
for code verification purposes, and order of accyreerification. Recently, Oberkampf and
Roy also in their book discussed in detail the coreeptverification. Their detailed focus was
on fundamental concepts of code verification anfiwswe engineering, solution verification,

validation, and predictive capability of scientiitomputing.

The first application of MMS for code verificatiomas by Roache and Steinberg in
19842 In their work, they used the MMS approach to weff code for generating three-
dimensional transformations for elliptic partiaffdrential equations. Additional discussions of
the MMS procedure for code verification have beeesented by Roache. More recently,
Oberkampf and Rdydiscussed the use of MMS for generating exacttisols along with the

order of accuracy testing for code verification.

In prior work, MMS has been used to verify two coegsible CFD codé%*% Premd?
and WIND* The Premo code employed a node-centered apprasieh unstructured meshes
and the Wind code employed a similar scheme orctsired meshes. Both codes used Roe’s
upwind method with MUSCL extrapolation for the centive terms and central differences for

the diffusion terms making the codes second-ordeurate. The form of Manufactured Solution



was chosen to be a smooth, infinitely differengabhd chosen such that all the terms in the
governing equations were exercised. The Manufadt@@utions were tested on different grid
levels and both the codes demonstrated second-spéeral accuracy as the mesh was refined,
thus giving a high degree of confidence that thdesowere free from coding mistakes. The
MMS was found to be an invaluable tool for findiogding mistakes. In their work, the authors
successfully verified both the inviscid Euler egoias and the laminar Navier-Stokes equations.
An alternative statistical approach to MMS was jsgrl by Hebert and Lukefor the Loci-
CHEM combustion CFD cod®.In their approach, they employed a single mesél lehich was
shrunk down and used to statistically sample tiserdtization error in different regions of the
domain of interest. Their work successfully vedfithe Loci-CHEM CFD code for the 3D,
multi-species, laminar Navier-Stokes equations gudioth statistical and traditional MMS.
Another similar approach to statistical MMS was tdewnscaling approach to order
verification'”*® which also employed a single mesh which was saddeeh about a single point
in the domain instead of statistically sampling sinealler meshes in the domain of interest. Both
the statistical MMS and the downscaling approadm@ge an advantage of being relatively
inexpensive because they do not require mesh reéne But one of the disadvantages of using
these methods is that they neglect the possilafityiscretization error transport into the scaled-
down domain. Thus, it is possible to pass a codkeroof accuracy verification test using
statistical MMS or the downscaling approach foraaecthat would fail the test using traditional
MMS.

MMS was also applied to verify the boundary comdisi. Bond et ai®?°documented the
development of a Manufactured Solution capable esting the governing equations and
boundary conditions commonly implemented in CFD esodAlong with the Euler, Navier-
Stokes, and Reynolds-averaged Navier-Stokes eqgatigerification of boundary conditions
including slip wall, no-slip wall (adiabatic andothermal) boundary and outflow (subsonic,
supersonic and mixed) boundary conditions was padd. The derived Manufactured Solution
was applicable not only to Premo for which the Mawtured Solution was used, but also to
general CFD codes. The verification of the Premdecwas done on skewed, non-uniform,
three-dimensional meshes and the sequence of megmes designed to obtain asymptotic
results with reasonable computational cost. The Wtured Solution used had identified a

number of formulation weaknesses with boundary itmmd and gradient reconstruction
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methods. In their study, the reason for the ingieacy in the order of accuracy results for the
Euler slip wall boundary was found to be not beeanfsthe coding mistakes but instead caused
by a problem with the weak enforcement of the stgndition. A newly implemented
characteristic formulation eliminated the probleamsl second order convergence was observed.
The implementation of Green-Gauss gradient calicuiab Premo was found to be strictly valid
only for tetrahedral element types because theamphtation neglected some additional support
necessary for non-Cartesian hexahedral elementstyged hence showed poor order

performance.

There have been three coordinated efforts to a@ddls to turbulent flows. Pelletier and
co-workers have summarized their work on 2D incamsgible turbulent shear layers using a
finite element code with a focus on a logarithnumi of the ke two-equation RANS modét.??
They employed Manufactured Solutions which mimidtllent shear flows, with the turbulent
kinetic energy and the turbulent eddy viscosity tae two quantities specified in the
Manufactured Solution. For the cases examined, tweye able to verify the code by
reproducing the formal order of accuracy. More nélge Eca and co-workers have published a
series of papers on Manufactured Solutions foraBeincompressible turbulent Navier-Stokes
equations>?® They also employed physically-based Manufactureduti®ns, in this case
mimicking wall-bounded turbulent flow. This groupoked at both finite-difference and finite-
volume discretizations, and examined a number dfulence models including the Spalart-
Allmaras one-equation mod&land two two-equation models: Menter's baselineL(B&rsion
k-w modef” and Kok’s turbulent/non-turbulent w-model®® While successful in some cases,
their physically-based Manufactured Solution ofteth to numerical instabilities, a reduction in
the observed mesh convergence rate, or even irstensy of the numerical scheme (i.e., the
discretization error did not decrease as the mesh nefined). In order to independently test
different aspects of the governing equations, imeaases they replaced certain discretized
terms (or even whole equations) with the analytiorterpart from the Manufactured Solution.
For the Spalart-Allmaras model they specified tbulent viscosity, while for the two equation
models they specified both the turbulent eddy \sggoand the turbulent kinetic energy. The
cases they examined employed a Reynolds numbé’@intl used Cartesian meshes which were

clustered in the y-direction towards the wall.



Roy et a*® presented a different approach for verifying RANfulence models in CFD
codes. Their approach used smooth, non-physicalufatured Solutions which were chosen
such that they provided contributions from all teems in the turbulence transport equations
including convection, diffusion, production, andsttaection terms. The turbulence model
verified was the baseline version of Menter’s knodel and the code used was the Loci-CHEM
CFD code. Special attention was paid to the blendunction which allowed the model to
switch between a k- and a transformed k-model. In their approach, Manufactured Solutions
were selected such that they activate only onechrai the min and max functions in the
turbulence model. Certain terms were turned off both the numerical code and the
Manufactured Solution to focus on different partshe turbulence equations. The turbulence
transport equations along with the RANS equatioasewerified in the Loci-CHEM CFD code
by computing the observed order of accuracy orriasef consistently refined two-dimensional
meshes. For the structured mesh topologies examireedCartesian and skewed curvilinear
meshes, the observed order matched the formal ofdievo. But for the unstructured meshes
examined, the observed order of accuracy was fdontbe first order. Testing the Euler
equations and Navier-Stokes equations on the wtstad meshes suggested that the source for

the reduced order of accuracy was the diffusiorratpe on the unstructured meshes.

Thomas et a® presented a new methodology for verification ofité volume
computational methods using unstructured meshes. dibcretization-order properties were
studied in computational windows, constructed withi collection of meshes or a single mesh
and tests were performed within each window to @sklia combination of problem-, solution-,
and discretizaton/mesh-related features affectinigcretization error convergence. A
computational window was used to improve the veaiion of unstructured mesh computational
methods intended for large-scale applications &edintegral norms do not provide sufficient
information to isolate the source of errors. A dewaling technique was also used, in addition to
a traditional mesh refinement. Meshes within thedeiws were constrained to be consistently
refined, enabling a meaningful assessment of asyttapérror convergence on unstructured
grids. Two types of finite volume schemes were wered: node centered schemes and cell
centered schemes. Demonstration of the methodal@gyshown which included a comparative
accuracy assessment of commonly used schemes eragamxed grids and the identification of

local accuracy deterioration at boundary intereesti The authors provided recommendations
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on choosing relevant tests to verify a code fogdascale computations. They recommended that
each problem-related feature like boundary conasti@tc. to be addressed by choosing an
appropriate computational window and each solutielated features like shocks, boundary
layer, flow separation etc. to be addressed by sihgan appropriate Manufactured Solution.

Proper mesh refinement between different mesh deusked for code verification is
important to achieve correct order of accuracya$alpresented the necessary conditions to
properly establish mesh convergence. He demondthageideas using a theoretical model and a
numerical example and showed that anomalously loligh observed rates can be exhibited by
otherwise well-behaved algorithms because of im@ropse of mesh refinement ratios in
different directions. In his study, he showed #@mthe mesh aspect ratio increased, finer meshes

are required to enter the asymptotic range.

Etienne et af' demonstrated three approaches to verificationeofpbral accuracy of
unsteady time accurate flow solvers. When highéeiotime-stepping schemes are used with
second order special discretization, verifying timae-stepping schemes requires very fine
meshes that are often impractical to perform catoahs on due to limits in memory size and
CPU times. The three approaches presented to \temié/accuracy in a flow solver included the
direct approach in which both the mesh size ana tstep were refined simultaneously in a
consistent and coherent fashion, the decoupledoapprin which the mesh size was so small
that the spatial discretization error could be aetgld so that only a time-step refinement study
was done and the Iterated Richardson Extrapolatiethod which allowed verification of the
time-integrators by time step refinement on a a@angsh. In the direct approach with a higher
order time-stepping scheme, every time the timp stas refined by a factor of two, the mesh
needs to be refined by a higher factor 8P @heren andp are the formal orders of time and
space, respectively, requiring this approach towesg fine meshes for verifying higher order
time-stepping schemes. In the case of decoupletbagp, a mesh size sufficiently small was
used so that the spatial contribution to the emas neglected compared to the temporal
contribution and again this approach required g fiee mesh which makes this approach along
with the direct approach very expensive or impcattfor code verification. In the case of the
Iterated Richardson Extrapolation method, for @&dimesh size, a time step refinement study

was performed, and Richardson extrapolation wadiexppepeatedly to the data to yield an



approximation to the exact solution to the ordindifferential equations in time resulting from
spatial discretization with the given fixed meshesi Performing Richardson extrapolation
decoupled the time step refinement from the meah @finement for estimating the temporal
contribution to the global error in the final timi.the Richardson extrapolation in time was
feasible, then time-step refinement on any meshelew coarse was sufficient to achieve

verification of time integrators of arbitrarily Higorder of accuracy.

Tremblay et af? presented the use of MMS for fluid-structure iattions code
verification and debugging. MMS was used to gemeeadact solutions and then test the code
using systematic mesh refinement. Manufacturedtolsi were presented for two-dimensional
incompressible flow strongly coupled with an isgio structure undergoing large

displacements. Their results illustrated the poavet cost-effectiveness of the approach.

1.2.2 Diffusion Operators

Since the challenge of formulating a diffusion @ter for an unstructured mesh is more
complicated when compared to a structured mesHiténature survey is concentrated mostly on
the diffusion operator formulations on unstructurmeshes. Knigfitf developed an implicit
algorithm for the two-dimensional, compressiblanilaar, Navier-Stokes equations using an
unstructured grid consisting of triangular cellscéll centered data structure was employed with
the flow variables stored at the cell centroids. e viscous fluxes, the values on the faces were
calculated by applying Gauss’s theorem to the dladeral defined by the cell centroids of the
cells adjacent to the face and the two nodes defitiie end points. The solution variables at the
nodes were obtained by the second order interpolaif the conserved variables from those
cells sharing the node. A similar formulation ofaous fluxes on the cell faces was used by
Ollivier-Gooch et aP* They presented a new approach for a high-ordarrate finite-volume
discretization for diffusive fluxes that was baseun the gradients computed during solution
reconstruction. In their analysis, their schemesetlaon linear and cubic reconstruction achieved
second and fourth order accuracy, respectively,lewhihe schemes based on quadratic
reconstruction were second order accurate. Theynieal both vertex centered and cell
centered control volumes for linear, quadratic awodbic reconstructions. For cell centered
control volumes, gradients were calculated by usingen-Gauss integration around a diamond

connecting the end points of an edge and the adetaf the cells that share the edge. The



solution at the end points of the edge was estiinale averaging data in incident control
volumes. The numerical experiments conducted shdhadnominal accuracy was attained in

all cases for the advection-diffusion problems.

Vaassen et &f presented a finite volume cell centered schemeHersolution of the
three-dimensional Navier-Stokes equations where/ thheed a conservative and consistent
discretization approach for the diffusive terms duhon an extended version of Coirier's
diamond pati® A Gauss formula was employed to perform the irgtggn of fluxes on the cell
surfaces. To obtain a consistent discretizatiothefdiffusion terms regardless of the irregularity
of the mesh, a second order approximation of tteelignt was used. For the calculation of
gradients on the face centers, a diamond path wiltsbly connecting each vertex of the face to
the left and right neighboring cell centroids, famm a polyhedron on which a Green-Gauss
formula was applied. Numerical results using theesowvere shown to have good accuracy even

on highly distorted meshes.

Grismer et af’ developed an implicit, unstructured Euler/Naviéok®s finite volume
solver which is based on a cell centered schemieln procedure for the calculation of viscous
fluxes, a piecewise linear reconstruction was usedpproximate the solution variables within
cells. The linear reconstruction was derived frdra tell values and gradients by applying a
second-order Taylor-series expansion. The gradanthe cell centroid was evaluated by
minimizing the weighted error between the recomséd function and the neighboring cell
values. The gradient on the face was shown as @rveam of the components normal and
tangential to the face. The tangential componenhefgradient vector at the cell face was the
average of tangential components of the gradienthe two cells sharing the face. Ldkesed
the same formulation for the viscous fluxes withmsochanges in the normal gradient
calculation. The changes were made after the fatiom for the diffusive fluxes was shown to
be inconsistent on a skewed curvilinear m&shhe diffusion operator formulations used by
Grismer’ and Luké® are different from the approaches discussed eatlistead of directly
calculating the gradients at the face centersgthdients were calculated at the cell centriod and

then interpolated to the face centers.

Mavriplis*® examined the accuracy of the various gradientnstcoction techniques on

unstructured meshes. He demonstrated that the ghteei least-squares gradient construction
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severely under-estimated normal gradients for lighietched meshed in the presence of surface
curvature. It was shown that the above behaviorldcdee expected for vertex based
discretizations and cell-centered discretizatiopsrating on triangular and quadrilateral meshes
(tetrahedral and prismatic meshes in 3D). The dsewerse distance weighting in the least-
squares reconstruction could be used to recoved goouracy for the vertex and cell-centered
discretizations on quadrilateral meshes and fotexediscretizations on triangular meshes;
however, and the technique was shown to be inéffedor cell-centered discretizations on
triangular meshes. The Green-Gauss constructibmigpee produced adequate gradient estimate
in all the cases. The author concluded that theofisaverse distance weighted least-squares
gradients and Green-Gauss gradients in the dizatietn of convective and viscous terms was a
prudent strategy, but the approaches were showbe ttess robust than upwind schemes and

often required gradient limiting to achieve stafutions.

Delanaye et &' presented a second-order finite volume cell-cextetechnique for
computing steady-state solutions of the full Ewled Navier-Stokes equations on unstructured
meshes. The scheme was designed such that itsaagcwas only weakly sensitive to mesh
distortions. An original quadratic reconstructionthwa fixed stencil and high-order flux
integration by the Gauss quadrature rule was enepldg compute the advective term of the
equations. For the diffusive term, the derivativesre obtained at the midpoint of an edge by
using a linear interpolation between the right &ftineighbors. The scheme’s weak sensitivity
to mesh distortions was demonstrated for inviséodv fcalculation with the computation of
Ringleb’s flow and for the viscous flow calculatiovith the computation of the viscous flow
around an isothermal flat plate. Since the higreopsttheme produces oscillations in the vicinity
of discontinuities leading to instability, the fujuadratic reconstruction was used in smooth
flows and the scheme was automatically switched tmear reconstruction at the vicinity of
discontinuities. Two inviscid flow computations owbe NACAQ0012 airfoil, a supersonic flow
at a free stream Mach number of 1.2 with zero aafjtack and a transonic flow at free stream
Mach number of 0.8 with angle of attack of 1.25%evperformed to illustrate the application of
their quadratic reconstruction scheme. They alsgestigated the supersonic flow over a

compression ramp by using a hybrid grid.
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Haselbacher et &f** presented an upwind flow solution method for mixestructured
meshes in two dimensions consisting of triangufed quadrilateral meshes. The discretization
of the viscous fluxes on general unstructured nesves studied and a positive discretization
was developed for Laplace’s equation and extendellavier-Stokes equations. A positive
discretization in this case was defined as thereligation of the Laplacian where the weights in
the discretized equation were positive. It is dade for any discretization technique to ensure
positivity since turbulence models are extremelysgere to non-positive weights. An
approximate form of the viscous fluxes was devibed was independent of the cell topology, an
approach they referred to as mesh transparent.atitteors constructed control volumes from
dual cells and the solution variables were storteghesh vertices. The authors investigated the
viscous fluxes to obtain a positive and secondroadeurate scheme on arbitrary mixed meshes
that was compatible with the edge based data steiadlong with mesh transparency. The
investigation was simplified by studying Laplaceguation. They presented numerical results
for transonic inviscid flow, laminar flow about axrfoil with large separation and turbulent
transonic flow over an airfoil. A mesh refinemetidyy was conducted to assess the accuracy of
different control constructions and the influendetr@angular, quadrilateral and mixed meshes
for viscous flows. Median-dual control volumes omarigular meshes resulted in higher
numerical error than the containment dual controlumes on quadrilateral and triangular

meshes.

Diskin et al** compared the node-centered and cell-centered sshéwn unstructured
finite-volume discretization of Poisson’s equatasia model of the viscous fluxes. Accuracy and
efficiency were studied for six nominally secondl@r accurate schemes which include a node-
centered scheme, cell-centered node-averaging sshenth and without clipping, and cell-
centered schemes with un-weighted, weighted andoappately mapped least-squares face
gradient reconstruction. Among the considered selserthe node centered scheme has the
lowest complexity and the cell-centered node-avatagcheme has the highest complexity.
They tested the schemes on grids which ranged §toactured regular grids to irregular grids
composed of arbitrary mixtures of triangles anddyil@erals, including random perturbations of
the grid points to examine the worst possible bairansf the solution. Two classes of tests were
considered. The first class of tests involved sinananufactured solution on both isotropic and

highly anisotropic grids with discontinuous metritgical of those encountered in unstructured
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grid adaptation and the second class of tests per®rmed on consistently refined stretched
grids generated around a curved body representafivegh Reynolds number turbulent flow
simulations. From the first class of tests, thegested that the face least-square methods, node-
averaging method without clipping, and the nodetere method demonstrated second-order
convergence of discretization errors. From the seéabass of tests, they observed that the node-
centered scheme was always second order accurdtee#lrcentered node-averaging schemes
were less accurate and also failed to converghdaxact solution when clipping of the node-
averaged values was used. Cell-centered node awvgrsghemes are second-order accurate and
stable when the coefficients of the pseudo-Lapra@perator are close to 1 and on highly
stretched and deformed grids, some coefficientgsefido-Laplacian become negative or larger
than 2, which has a detrimental effect on stabiktyd robustness (Baffj). Holmes and
Connelf® proposed to enforce stability by clipping the dioégnts between 0 and 2. In this
paper, it was shown that clipping seriously degsatiiee solution accuracy. The cell-centered
schemes using least square face gradient recotistrugcad more compact stencils with a
complexity similar to that of the node centeredesuhs. For simulations on highly anisotropic
curved grids, the least square methods had to lemd@ed by modifying the scheme stencil to
reflect the direction of strong coupling. The authooncluded that the accuracies of the node-
centered and best cell-centered schemes were cabipat equivalent number of degrees of

freedom.

Many authors also employ finite-element methodsctamputing viscous flows governed
by the Navier-Stokes equations. Sun ef’axtended a spectral volume method to handle
viscous flows. Using the spectral volume methodhfogder accuracy was achieved through
high-order polynomial reconstructions within spattvolumes. They developed a formulation
similar to the Local Discontinuous Galerkin (LDG)poach to discretize the viscous fluxes.
Gauss's theorem was used to integrate the gradientise control volume. Kannan et “4l.
improved the Navier-Stokes solver developed by 8uml*’ based on the spectral volume
method with the use of a new viscous flux formwlati Instead of a LDG-type approach, a
penalty approach based on the first method of BawsiReball was used. The advantage of the
penalty approach over the LDG approach was thedspeef the convergence with the implicit
method and indicated that the approach had a gagantial for 3D flow problems. Fidkowski

and Darmofal’ also used a finite-element approach for high ordiscretizations of the
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compressible Navier-Stokes equations. The visclmstérms were discretized using the second

form of Bassi and Rebdy.
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2. Basic Concepts of Verification

2.1  Verification

Verification addresses the mathematical correctoéssimerical simulations and it plays
an important role in building confidence in CFDw@ns. There are two fundamental aspects to
verification: code verification and solution veciition. Code verification is the process of
ensuring, that there are no mistakes (bugs) imgpater code or inconsistencies in the numerical
algorithm. Solution verification is the processeastimating the three types of numerical error

that can occur in numerical simulations: roundesfbr, iterative error, and discretization error.

2.2  Code Verification

Code verificatioh is the process of ensuring, that there are noafst (bugs) in a
computer code or inconsistencies in the numerigairahm. By performing code verification, a
code can be tested for mistakes and can be folldwetbde debugging to identify and remove
the mistakes. During the development of sciensiittware, there is a high possibility of making
a number of coding mistakes. These mistakes nebd temoved before using the code on real

applications.

1. Coding mistake: A simple example of a coding mistak a FORTRAN program is

shown below.

FORTRAN Code:
TEMPNORM =0
DO J =2, IMAX - 1
DO =2, IMAX - 1
RES = RES + ((T(1,J) - TOLD(1,J))/DT )**2
TEMPNORM = TEMPNORM + T(1,J)**2
ENDDO
ENDDO

The underlined part of the code is a mistake in FRRN code shown here. The wrong

term ‘JMAX’ is used instead of the right term ‘IMAXThis kind of coding mistake is a
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possibility while developing a code. In the procetsode verification, mistakes like the

one shown above can be identified and removed.

2. Algorithm Inconsistency: For a consistent numeralglorithm, the discretized equations
must approach the original partial differential atjons in the limit as mesh sizex;, t)
approaches zero. A famous example of an inconsiatgarithm is the DuFort-Frankal

differencing of a 1D unsteady heat equatfion.

- (2.1)

For the 1D unsteady heat equation shown aboveDtifeort-Frankel differencing is

given by
(2.2)
for which the leading terms in the truncation eao¥ shown below.
—_— _— — - (2.3)
If x and t approach zero at the same rate such thatx = , then the discretized

equations will not approach original partial diface equations, i.e., the 1D unsteady
heat equation, instead they converge to a diffepamtial difference equation shown

below which is a hyperbolic equation.

— 1 — — (2.4)

In the process of code verification, numerical imgstencies can also be identified and

corrected.

2.3  Order of Accuracy

Order of accurady’ is the rate of decrease of discretization errahwiesh refinement.
Order of accuracy test, which is equivalent toitgstvhether the formal order of accuracy
matches the observed order of accuracy, is the mastising code verification test. This test
not only determines whether the solution is conveygout also whether or not the discretization

error is reduced at the expected rate.
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2.3.1 Formal Order of Accuracy
The formal order of accuracy of a numerical schénhe rate at which the discretized
equations approach the original partial differdnéiquations. For all discretization approaches
(finite difference, finite volume, finite elemergic.) the formal order of accuracy is obtained
from a truncation error analysis of the discreggoathm. The formal order will be the power of
x or tin the leading terms in the truncation error. Apartial differential equation can be
written as the sum of the finite difference equatmd the truncation error. As an example, for a
1D unsteady heat equation, applying Taylor seried discretizing the 1D unsteady heat

equation with a forward difference in time and atca difference in space, it can be written as:

(2.5)

%
From the above expression, the formal order of @oyuof the finite difference scheme is first
order in time and second order in space sinceetding terms in the truncation error contain the

factors t and ( x)?, respectively.

2.3.2 Observed Order of Accuracy

The observed order of accuracy is computed dirdaily the code output for a given set
of simulations on systematically refined grids. Tserved order of accuracy will not match the
formal order of accuracy due to mistakes in the mater code, defective numerical algorithms,
and when numerical solutions are not in the asytigogpid convergence range. For calculating
the observed order of accuracy using two meshdevtels required to have an exact solution to

find the discretization error.

Assuming that exact solution to the partial différal equations is known, let us now
consider the method for calculating the observeatkoof accuracy. The discretization error is
formally defined as the difference between the egatution to the discrete equations and the
exact solution to the governing partial differehtguations. Since the exact solution to the
discrete equations (which will be different on ditfnt mesh levels) is generally not known, the

numerical solution on the same mesh level is switstl in its place, thus neglecting iterative
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error and round-off error. The observed order @uagcy can be evaluated either locally within
the solution domain or globally by employing a noofthe discretization error or for a global
system response quantity. Consider a series exgaosthe discretization error in terms qf A

measure of the element size on the mesh level k,

& ( (u. 0 1% (2.6)
where f is the numerical solution on mesh k,igthe coefficient of the leading error term, gnd
is the formal order of accuracy. Neglecting the hleig order terms, we can write the
discretization error equation for a fine mesh (kahd a coarse mesh (k=2) in terms of the
observed order of accura2gas
& ( (. .0
(2.7)
& ( (pu. .,0"
Since the exact solution is known, these two equatcan be solved for the observed order of
accuracy23 Introducing r, the ratio of coarse to fine mesment spacing (r =Jh; > 1), the

observed order of accuracy becomes

&
, &t 28)
5€¢ 9
Thus, when the exact solution is known, only twlusons are required to obtain the observed

order of accuracy.

2.4 Method of Manufactured Solutions

Code verification using order of accuracy testimgjuires an exact solution to the
governing equations which are tested in the codadifional exact solutions exist only for
simple governing equations. For complex governiggiagions which can handle complex
physics, complex geometries, and significant nadiities, it is difficult to find exact solutions.
The Method of Manufactured Solutions, (MMS) is angel approach for obtaining exact

solutions for code verification purposes.

2.4.1 Procedure for MMS
The procedure for applying MMS with order of acayaverification is demonstrated

below for a simple example problém.
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1. Choose the specific form of the governing equatidrese we choose the linear 1D

heat equation.

- (2.9)

2. Choose the Manufactured Solution.

;2 <. =>t7? <(C (2.10)
3. Operate the governing equations on the choseni@ojutsulting in analytic source

terms.

—  .=>t? <C—;2 <.
: (2.11)
— 32 <. ?<€C =>t7? <(C
4. Solve the modified governing equation (original &dpn plus source terms) on

various mesh levels.

?
—  — 7ESE:=>(?<@—;2 <. (2.12)

5. Compute the observed order of accuracy and compavéh the formal order of

accuracy.

2.4.2 Attributes of a Good Manufactured Solution
The chosen Manufactured Solution should be smaamthlytic functions with smooth

derivatives. The choice of smooth derivatives willow the formal order of accuracy to be
achieved on relatively coarse meshes. Trigonomatrat exponential functions are selected as
Manufactured Solutions since they are smooth ahditely differential. There is an advantage
of using trigonometric functions as they can beusidid to include only a fraction of an
oscillation period over the domain which makesaisier to achieve the asymptotic range. The
Manufactured Solutions need to be selected suchnhaderivatives vanish, including cross
derivatives if they are present in the governingiaggns. Even though the Manufactured
Solution is not required to be physically realissimce we are only testing the mathematics, they

should be chosen to give realizable physical std&es example, if the code requires that the
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temperature to be positive for the calculationpdesd of sound, then the Manufactured Solution

should be chosen such that the temperature vataesgy positive.

A Manufactured Solution should be selected such #ftlathe terms in the governing
equation have similar magnitudes meaning one ternthé governing equation should not
dominate other terms. For example, a Manufactu@dti®n should be selected such that the
convective terms and diffusive terms in Navier-8®kequations have the same order of
magnitude. It can be checked whether all the tamihe governing equations are roughly the

same order of magnitude, by examining the ratiaha$e terms in the considered domain.

2.4.3 Advantages of Method of Manufactured Solutions

There are several advantages of using MMS. Thisgohare can be applied to all
discretization schemes (finite-difference, finitehume, and finite element). MMS can also be
applied without trouble when dealing with nonlinesuations and multiple equations like the
Navier-Stokes equations. Roathshowed that by using MMS for code verification,rye
sensitive mistakes in the discretization can berdeahed. The sensitivity of MMS procedure for
code verification is explained with this exampleend during the testing of a compressible
Navier-Stokes code, the reason for non-convergehggobal norms of the discretization error
was found to be because of a small discrepanchéndf significant digit for the thermal

conductivity between the governing equations aediimerical implementation in the cdde.
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3. Mesh Generation

A finite volume CFD code is verified on differentesh topologies in the verification
process. To verify all mesh transformations areedocbrrectly, the code needs to be run on the
most general mesh tyés® which include meshes with mild skewness, aspeit, reurvature,
and stretching. The most general mesh types ametkeras hybrid meshes which contain
different mesh topologies. However, the code ndedse run on simpler meshes if the code
verification fails on the general meshes. Simplershes include meshes with isolated mesh
topologies and mesh qualities. The different megiolbgies considered for code verification in
both 2D and 3D are classified as structured, uostred, and hybrid meshes which are a

combination of structured and unstructured meshes.

3.1 2D Mesh Topologies

Different 2D structured and unstructured mesh togiels are used during the code
verification of the finite volume CFD code. The rhagneral mesh topology used for 2D
verification is a 2D hybrid mesh which includes dulkateral and triangular cells with

curvilinear boundaries, skewed cells, and stretciadid.

3.1.1 2D Structured Meshes

The 2D structured meshes used for code verificatrerthe Cartesian mesh, the stretched
Cartesian mesh, the curvilinear mesh, and the gkewevilinear mesh. The 2D structured
meshes are shown in Figure 1. The 2D structuredh@sesonsidered here contain quadrilateral
cells. By testing the code on these meshes, thaviehof the code on the quadrilateral cell
topology along with its cell quality effect can btudied. All these 2D structured meshes are
generated using the mesh generation tool GRID&ERhe stretched Cartesian mesh can be
used to isolate the effects of grid stretching aspect ratio, the curvilinear mesh can be used to
test the effects of curved boundaries without thes@nce of skewness or stretching, and the

skewed curvilinear mesh tests all the effects simgle structured mesh type.
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Figure 1: 2D structured meshes: a) Cartesian, b) sgtched Cartesian, c) curvilinear, and d)
skewed curvilinear

3.1.2 2D Unstructured Meshes
Selected 2D unstructured meshes used for codacatiain are shown in Figure 2. The

2D unstructured meshes considered here contamgtriar cells. The general unstructured mesh
is generated by automatic mesh generation in GRIBDGBther unstructured meshes, i.e., the
unidirectional diagonal and bidirectional diagomalstructured meshes shown in Figure 2, are
generated by starting from a structured mesh aenl dldding diagonals in the quadrilateral cells.
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The 2D unstructured meshes generated by addingmbégyin a structured mesh are used in the
verification study to achieve a uniform and coreistrefinement between different mesh levels.
By testing the code on these meshes, the behakithreacode on the triangular cell topology

along with its cell quality effect can be studiéithe concept of uniform and consistent mesh

refinement and its necessity for code verificapomposes are discussed in Section 3.3.

c)

Figure 2: 2D unstructured meshes: a) general unstietured, b) uni-directional diagonal,
and c) alternate diagonal
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3.1.3 2D Hybrid Meshes
A 2D hybrid mesh contains both quadrilateral amahtgyular cell topologies. The 2D skewed
hybrid mesh and the highly skewed hybrid mesh ctamed for code verification are shown
in a) b)

Figure 3. The 2D hybrid meshes are also generasétyithe mesh generation tool
GRIDGEN. By performing code verification on theseghes, the behavior of the code on both

the triangular and quadrilateral cell topologieshwéll the different cell quality effects is tested

Figure 3: 2D hybrid meshes: a) skewed hybrid and bhighly skewed hybrid

3.2 3D Mesh Topologies

Different 3D structured and unstructured mesh togiels are used during the code
verification of the finite volume CFD code. The rhagneral mesh topology used for 3D
verification is a 3D hybrid mesh which includes hb&dral cells, tetrahedral cells, and prismatic

cells with curvilinear boundaries, skewed cellg] atretched cells.

3.2.1 3D Structured Meshes

The 3D structured meshes used during code veiditanclude the Cartesian mesh and
the skewed curvilinear mesh. The 3D structured eesire shown in Figure 4. The 3D
structured meshes contain hexahedral cells. Bintpiie code on these meshes, the behavior of

the code on the hexahedral cell topology along vigtltell quality effect can be studied. All the
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3D structured meshes are also generated using GENDGhe skewed curvilinear mesh is
generated to test the effects of aspect ratio, skesy stretching and the effect of curved

boundaries on the code.
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a) b)
Figure 4: 3D structured meshes: a) Cartesian and lgkewed curvilinear

3.2.2 3D Unstructured Meshes
Different 3D unstructured meshes used for coddfigation are shown in Figure 5. The

3D unstructured meshes considered here contaahgztral cells and prismatic cells. By testing
the code on these meshes, the behavior of the oondthe tetrahedral and prismatic cell
topologies along with their cell quality effectsnclae studied. The 3D unstructured meshes used
during code verification include the unstructuredsimes with tetrahedral and prismatic cells as
shown in Figure 5a and Figure 5b, respectively, tiede meshes have cells close to isotropic
cells. The highly skewed unstructured meshes weittalhedral and prismatic cells are shown in
Figure 5c and Figure 5d, respectively, and thesshewe contain highly skewed and stretched
cells which can be used to study the cell qualitgat while testing the code. The unstructured
mesh with prismatic cells is generated in GRIDGBNstarting with an unstructured 2D domain
and projecting in the third direction normal to t2B domain. For generating all the other 3D
unstructured meshes, particularly for the unstmectutetrahedral meshes, a mesh generation
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code is developed using Fortran. The reason foeldping a Fortran code to generate these 3D
unstructured meshes is discussed in Section 3.3.

Z

A

c) d)

Figure 5: 3D unstructured meshes: a) unstructured rash with tetrahedral cells,
unstructured mesh with prismatic cells, c) highly kewed unstructured mesh with
tetrahedral cells, and d) highly skewed unstructurd mesh with prismatic cells
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3.2.3 3D Hybrid Meshes

The skewed 3D hybrid mesh and the highly skewedh$brid mesh used for code
verification are shown in Figure 6. The 3D hybriceshes considered contain hexahedral,
tetrahedral, and prismatic cells. By testing théecon these meshes, the behavior of the code on
the hexahedral, tetrahedral and prismatic cell ltapes along with their cell quality effect can
be studied. To isolate the cell quality effects, Bilbrid meshes which have cells close to
isotropic can be used to test the code. Againgéorerating all the 3D hybrid meshes, a mesh
generation code is developed using Fortran.
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Figure 6: 3D hybrid meshes: a) skewed hybrid and thighly skewed hybrid

3.3  Systematic Mesh Refinement

Systematic mesh refineméris defined as uniform and consistent refinemergr o
spatial domain. A mesh is said to be uniformlymedi if the mesh is refined in all the coordinate
directions equally and it is said to be consisiergfined if the mesh quality stays constant or
improves with mesh refinement. For the purposeoafecverification, it is necessary to have a
systematic mesh refineméehtn the case of structured meshes, refinement/enarg of the
meshes for the verification purpose are straightfod. A coarse mesh is generated from a fine
mesh by removing every alternate mesh point or nieghto produce mesh levels with a

refinement factor of two. In this process, the mesiality is maintained for the structured
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meshes. But in the case of unstructured meshegneéint/coarsening of meshes with a uniform
refinement factor throughout the domain preserving mesh quality is more challenging,
particularly in 3D. In the 2D case, systematic mefmement can be achieved by generating an
unstructured mesh from a structured mesh by sgitiuadrilaterals into triangles using
diagonals® To the author's knowledge, generation of 3D urtitmed meshes with uniform
refinement preserving the mesh quality has notbgein achieved using commercial software.
Therefore, for code verification purposes, a meshegation code is developed to generate 3D
unstructured meshes from a 3D structured meshheiXiahedral elements. In the process, a cube
will be split into five tetrahedral cells as shownFigure 7a. The central tetrahedral cell, which
does not share a surface boundary with the pauda, ¢s isotropic and the other four tetrahedral
cells have the same topology with good cell qualiy unstructured mesh with tetrahedral
elements generated using the mesh generation soddown in Figure 7b. By generating
unstructured meshes in this fashion, a uniform @nukistent refinement can be achieved by a
uniform refinement factor and maintaining the apliality between the mesh levels. Based on
this concept of generating an unstructured mesh feo structured mesh, another code for
generating 3D hybrid meshes which contain hexalhetirahedral, and prismatic cells with
proper connectivity between different cell typessvedso developed. The prismatic cells in the
3D hybrid mesh are generated by diagonally spjtarhexahedral cell into two prismatic cells.
To obtain a hybrid mesh from a structured mesheabhedral cells, 25 percent of the hexahedral
cells are split into prismatic cells, 50 percenthad hexahedral cells are split into tetrahedrli$ ce
and the other 25 percent are left as hexahedrk. Cehe 3D hybrid meshes are generated to
satisfy the uniform and consistent refinement gatbetween the mesh levels required for code

order of accuracy verification.
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a) b)

Figure 7: a) Cube split into five tetrahedral cells b) 3D unstructured mesh with tetrahedral
cells generated from a skewed and stretched curvilear mesh

The different mesh levels and mesh types useddoe werification are given in Table 1.

A maximum of seven mesh levels are used for 2D n@sbiogies and a maximum of five mesh
levels are used for 3D mesh topologies with systienmesh refinement between consecutive

mesh levels.

Table 1. Different mesh levels and mesh types

2D Mesh Topologies 3D Mesh Topologies
Structured Unstructured Hybrid Structured Unstreexdu Hybrid

8x8 128 96 8x8x8 320 1664
16x16 512 384 16x16x16 2560 13312
32x32 1024 1536 32x32x32 20480 106496
64x64 4096 6144 64x64%x64 163840 851968
128%128 16384 24576 128%x128x128 1310720 6815744
256%256 65536 98304
512x512 262144 393216
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4. Verification of a Finite Volume CFD Code

During the verification of a finite volume CFD cqd#ifferent code options need to be
tested which include baseline steady-state govgraquations, Sutherland’s law for viscosity,
equation of state, boundary conditions, turbulemeeglels, time accuracy of unsteady flows, etc.
The options in the code are verified by comparimg abserved order of accuracy calculated for
the CFD solutions for multiple systematically-refthmeshes to the formal order of accuracy of
the numerical method. An option in the code is aered fully verified if it passes the order of
accuracy test on the 2D hybrid mesh and 3D hybedhrwith all cell topologies which include
skewness, aspect ratio, curvature, and mesh gdtrgictWhen a verification test fails on the
hybrid meshes, then the governing equations ated@s other simpler meshes to find whether
the discrete formulation of the governing equatisnisiconsistent on a particular mesh topology

or due to the cell quality attributes or coding takes.

During the code verification process, the obsemeter of accuracy is calculated using
the Lp, Ly and L norms of the discretization error. Normally thesetved order of accuracy
calculated using Land Ly norms of the discretization error showed similahdwior, but the
observed order of accuracy calculated usingnbrm of the discretization error asymptoted to
the formal order of accuracy at a slower rate meogiimore mesh levels to see the asymptotic
behavior. The observed order of accuracy resutssaown for the different options verified on
different meshes usingiland L norms of the discretization error. Also, the \edfion test
results of different options in the finite volumede are shown mostly on 2D and 3D hybrid
meshes. The verification test results on other e®esine shown for some interesting cases when
the code options had problems during testing. Araany of the options verified in the finite

volume CFD code is shown in Appendix A.

4.1  Finite Volume Code

The code verification procedure can be applied rig scientific computing code in
general, but in the current work, the finite volu@ED code verified is Loci-CHEMC*® Loci-
CHEM was developed at Mississippi State Universisjing the Loci frameworR*® and can
simulate three-dimensional flows of turbulent, cleatty-reacting mixtures of thermally perfect
gases. The Loci framework provides a high-levelgpsmming environment for numerical
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methods that is automatically parallel and utilize$ogic-based strategy to detect or prevent
common software faults (such as errors in loop deuor errors caused by subroutine calling
sequences being inconsistent with data dependentihes code uses an unstructured, edge based
method with a formal order of accuracy of two.

4.2  Verification of Baseline Governing Equations

The baseline governing equations include the 3@dstestate Euler and the Navier-
Stokes equations. Removing the viscous terms fita@BD Navier-Stokes equations lead to 3D
Euler equations and removing the z-direction vdesl(/ z = 0 and w = 0) converts the

equations in three dimensions to two dimensions.

4.2.1 Flow Equations

The 3D, steady state, Farve-averaged Navier-Sedpeation8' can be written as
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4.1
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where § is the laminar stress tensor given by
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and j is the turbulent stress tensor given by

Q D E G | Q E D G
*k F< =C F H JJ R “C F H
G D E
ke S0 | — F 4.7)
D E G G D _

The turbulent and laminar heat flux terms are

Sc Sc Sc
(4.8)
S S S
v v b GVE W VR
and the total energy and enthalpy are
U
. s -C E G Wwe 0 ;. ¢ (4.9)
where
© 6Y 0, W6 0 6 Y 0,° (4.10)
The perfect gas equation of state is assumed as
U CY (4.12)
and the heat of formation and excited energy maudarpeter can be calculated as
0 0 6 Y W6 6 i 412
z Dz Dz / Y (4.12)

wherehet = 0, Trer = 298K, anch = 5/2 are used.

4.2.2 Verification of the Euler Equations

In our current work, we adhere to the philosophat tbode verification is simply a
mathematical test to ensure the numerical solutiay represents the solution to the continuum
mathematical equations that are being solved. &k,sue specifically choose the Manufactured
Solutions which are not physically realistic, butigh are simple, smooth, and exercise all terms
in the governing equations. The steady Manufact@ellitions employed take the following

general form
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wheref =[r, u, v, w, p, kw]" represents any of the primitive variables andfhfunctions
represent sine or cosine functions. After selecthg constants in the above equation, the 2D

Manufactured Solution used for the verificatiorEefler equations is given as

C “Tab= ¢ ? T d>t ?F “eab= " ?F
C ¢ "d6 77?2 “ab= T?F cab= " ?F
E f ‘ab= T? ab= ?F d>6 Ti?F (4.14)
2 ab= ? ° d>6 T?F
d> ¢ ?F

The 3D Manufactured Solution used for the verifmaif Euler equations is given as

C “Tab= ¢ ? Td>t g ?F T d>t e?k
“eab= " ?F T od>t ¢ ?FF
Tab= T7?H

Dc d>6 T7? ‘ab= Te?F ab= Tg?H
cab= T?F gd>6 Te?FH gab= Tf?H
E f 'd>6 Te? ab= Te?F ‘ab= T?H

(4.15)
ab= Tf?F 'd>6 Tg?FH "ab= T?H
G e ab= Te'? d>6 Tf?F ab= T7?H
d>6 Tg?F d>6 Te?FH "ab= Tc'?H
2 ab= Tg? =~ ab= Tg ?F
d>6 Te?H = ab= Tc?F
d>¢t ‘c?Fk ab= ‘e?H

These Manufactured Solutions are smooth and thesderms generated after applying them to
the governing equations also vary smoothly over ¢besidered domain. As an example, a
Manufactured Solution for the x-component of veipds shown in Figure 8a and a smooth

analytic source term in 3D domain is shown in Fég8b.
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a) b)
Figure 8: a) Manufactured Solution of u-velocity am b) mass source term

The Euler equations are discretized and solvedifberent mesh levels to calculate the
observed order of accuracy. The code is then temteithe structured, unstructured and hybrid
meshes in both 2D and 3D and is verified succdgdfulbe second order accurate. The order of
accuracy results for the verification of Euler etiprmare shown for the 3D hybrid case only. The
observed order of accuracy results calculated ukpnd.; and L norms of the discretization
error on the 3D skewed hybrid mesh are shown imr€i@. In the plots shown, the observed
order of accuracy is calculated for all the conserved variables englotted on the y-axis
against the normalized mesh size h on the x-aiis.Resh levels are used for the verification of
Euler equations in 3D with a uniform mesh refineta&intwo between consecutive mesh levels.
The coarsest skewed hybrid mesh is generatedngtdrtim a structured mesh containing 8x8x8
cells and the finest skewed hybrid mesh is genersti@rting from a structured mesh containing
128x128x128 cells. The value of h = 1 means thesfimesh and a higher h value represents a
coarser mesh. It is seen in the plot that as thehnmeerefined, the observed order of accuracy
asymptotes to two which is the formal order of thele. As mentioned previously, the observed
order of accuracy results using &nd Ly norms of the discretization error are similar andthe
subsequent verification results, only the obsermeter of accuracy results calculated using L

and L norms are presented.
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Figure 9: Order of accuracy results for Euler equatons on a 3D skewed hybrid mesh using
a) L, norm of the discretization error, b) L, norm of the discretization error, and c) L
norm of the discretization error

4.2.3 Verification of the Navier-Stokes Equations
Successful verification of the Euler equations opaaticular mesh and failure of the
order of accuracy test for the Navier-Stokes equatimeans that there is a problem with the

formulation of the diffusion operator on that pamar mesh, i.e., an algorithm inconsistency, a
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coding mistake, or simply mesh quality sensitivithhe Navier-Stokes equations are tested on
the structured, unstructured and hybrid meshe®ih BD and 3D and in the process of testing,
several issues in the formulation of the diffusioperator in the code were uncovered and
corrected. The Manufactured Solution used for tbkefEequations is also used for the Navier-

Stokes equations.

In the process of selecting the Manufactured Satutdr code verification purposes, it is
required that different terms in the governing emuns be roughly same order of magnitude.
This prevents the larger magnitude errors from mmgslerrors in other terms of smaller
magnitude. In the current work, during the verifica of Navier-Stokes equations, a constant
viscosity value of 10 N/fis used such that there is an approximately ecomtribution from
the inviscid and viscous terms. The Navier-Stokgsagons are verified successfully to be
second order accurate on the 2D hybrid and 3D fiyhashes after correcting the formulation of
the diffusion operator each time the code failedaoparticular mesh. The observed order of
accuracy results calculated using and L norms of the discretization error for the Navier-
Stokes equations on the 2D hybrid mesh are showigure 10. The observed order of accuracy
results calculated using;land L norms of the discretization error for the Navi¢éokes

equations on the 3D skewed hybrid mesh are showigure 11.
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Figure 10: Order of accuracy results for Navier-Stées equations on a 2D hybrid mesh
using a) Ly norm of the discretization error and b) L norm of the discretization error
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Figure 11: Order of accuracy results for Navier-Stées equations on a 3D hybrid mesh
using a) Ly norm of the discretization error and b) L norm of the discretization error

The code was tested on different mesh types atedifaiitially on simpler meshes. Each
time the code failed on a particular mesh, a problth the numerical formulation of diffusion

operator was detected and a correction in the noaieiormulation was made by the code
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developers. Initially, the Navier-Stokes equatiovexe successfully verified on 2D rectangular
Cartesian and stretched Cartesian meshes, but enskkwed curvilinear meshes, the
discretization error did not decrease with mesimeefient. Since the code was already verified
when Euler equations were tested, the problem @retior was found to be in the diffusion
operator formulation. A modification was made te tiffusion operator by LukR& and the new
diffusion operator rectified the problem. An obsshorder of accuracy of two was attained with
mesh refinement after the modification. The codefieation results on the skewed curvilinear
mesh with the original diffusion operator and tlesvrdiffusion operator are shown in Figure 12.

The improvement in the observed order of accurasylts with the use of modified
diffusion operator for the structured meshes idarpd here. In the cell-centered finite volume
diffusion operator, gradients are required at thk faces to compute the viscous fluxes. Since
unstructured finite-volume CFD codes typically cartgpand store gradients at the cell centers a
mechanism for obtaining gradients at the facesgsired. The Loci-CHEM code calculates the
gradient at the face by computing both normal amdyéntial components of the gradient. The
original formulation for calculating the normal cponent of the face gradient utilized the
strategy suggested by Strang e¥’dbr the Cobalt 60 code. This approach effectivedglects a
term in the normal gradient which can lead to stemwith negative weights (which affects the
code’s stability). Luk& modified the normal gradient calculation such théimiter is applied to
the offending term that both maintains second oagdeuracy in smooth regions of the flow and

ensures a positive stencil.
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Figure 12: Order of accuracy results using kL norm of the discretization error for Navier-
Stokes equations on a 2D skewed curvilinear meshing a) original diffusion operator and
b) new diffusion operator

Later on 2D unstructured mesh with triangular ¢cgi®liminary investigations showed
that the observed order of accuracy was approadmegwith mesh refinement. To determine
the reason for this reduction in order of accurdbg, Navier-Stokes equations were tested on
different types of unstructured meshes (triangoklls generated from a structured topology).
On all these 2D unstructured meshes with trianguédls, the behavior was the same. The Euler
equation were successfully verified to be seconligoaccurate on these 2D unstructured meshes
which explained that the problem was with the diffun operator formulation on the 2D
unstructured meshes. Again, Ldkeame up with a modification in the formulation tbfe
diffusion operator which rectified the problem. Té&timation of gradients at the face centers is
the cornerstone of the diffusion flux computatiombich are required to be second order
accurate. In the old diffusion operator used in H@EEM, gradients at face centers were
computed by splitting the gradients into tangenéiatl normal components and the diffusion
operator was using the inviscid operator (gradiemtsell centers). While the inviscid operator
retained second order accuracy, the diffusion aperdegenerated to first order as stencils
departed symmetry. In order to more reliably obtgnond order gradients at the face centers, a
modified method was considered. In this methodew oontrol volume centered about the face
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was constructed and a second order function recmtisin was used to compute the nodal
values of a control volume centered about the fam®er. Greens theorem was employed to
compute second order gradients at the face cemtthrei control volume (diamond cell). This
form of reconstruction retained second order gradiat face centers even when the gradients at
cell centers degenerate to first order. The madlifeiffusion operator formulation was
successfully verified to be second order accuratalb2D unstructured meshes with triangular
cells. The code verification results on the 2Drali¢e diagonal unstructured mesh with the old

diffusion operator and the modified diffusion ogeraare shown in Figure 13.
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Figure 13: Order of accuracy results using kL norm of the discretization error for Navier-
Stokes equations on a 2D alternate diagonal unstriiced mesh using a) old diffusion
operator and b) modified diffusion operator

These two modifications in the formulation of @h&usion operator enabled the Navier-
Stokes equations to be successfully verified asrskorder accurate on the 2D hybrid mesh and

the 3D skewed hybrid mesh, thus covering the efdé&ll cell topologies which include some

skewness, aspect ratio, curvature, and mesh dtrgich

4.2.4 Effect of Mesh Quality
The Navier-Stokes equations are also tested o2l@Rhaghly skewed hybrid meshes) (

b)
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Figure 3b) to look at the effect of cell quality epiiadrilateral cells and triangular cells on
the discrete formulation of the governing equatio®s this mesh, the code is successfully
verified and the observed order of accuracy apprematwo with mesh refinement. The observed
order of accuracy results calculated usingabd L norms of the discretization error for the
Navier-Stokes equations on the 2D highly skewedridyimesh are shown in Figure 14. This

shows that the finite volume code works fine orhlygskewed quadrilateral and triangular cells

in 2D.
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Figure 14: Order of accuracy results for Navier-St&es equations on a 2D highly skewed
hybrid mesh using a) Ly norm of the discretization error and b) L norm of the
discretization error

The Navier-Stokes equations are also tested on higfily skewed hybrid mesh (Figure
6b) to look at the effect of cell quality of hexahnal, prismatic, and tetrahedral cells on the
discrete formulation of the governing equationse B highly skewed hybrid mesh is generated
starting from a 3D skewed curvilinear mesh showkigure 4b and using the mesh generation
code which generates the hybrid mesh (containin@inedral, tetrahedral, and prismatic cells)
from the structured mesh. The Navier-Stokes equsitere successfully verified to be second
order accurate on the 3D skewed curvilinear mesh hexahedral cells shown in Figure 4b, but
the verification test failed on the 3D highly skeleybrid mesh. The observed order of accuracy

results calculated using;land L norms of the discretization error for the Navieéokes
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equations on the 3D highly skewed hybrid mesh amws in Figure 15. From the plot, the
observed order of accuracy seems to approach a leda than one with mesh refinement. The
difference between the 3D skewed hybrid mesh (Eigia) and the 3D highly skewed hybrid
mesh (Figure 6b) is only the quality of the cefighe mesh; otherwise both the meshes have the
same mesh topology and connectivity. This indicatpsoblem in the discrete formulation of the
governing equations when the cells have a compatgtiower quality. The cell quality is
guantified with some parameters and quantificatibcell quality of the 3D skewed hybrid mesh
and the 3D highly skewed hybrid mesh is shown ibl@81 in Appendix B.
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Figure 15: Order of accuracy results for Navier-St&es equations on a 3D highly skewed
hybrid mesh using a) Ly norm of the discretization error and b) L norm of the
discretization error

The L, norms of the discretization error for both the Se@wed hybrid mesh and the 3D
highly skewed hybrid mesh are compared and it genked that the error is higher for the highly
skewed hybrid meshes relative to the skewed hyibeghes for the same number of cells and
similar mesh structure. The comparison of thenbrm of the discretization error is shown in
Figure 16. In the plot, errors shown in the saliet$ correspond to the 3D skewed hybrid mesh
and the errors shown in dashed lines correspottiet@D highly skewed hybrid mesh. This plot
gives the effect of cell quality on the error inetBolution. The error in the solution either

decreases slowly or does not decrease with mesiemaént for lower quality meshes.
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Figure 16: Comparison of L, norm discretization error on 3D skewed hybrid meshtand 3D
highly skewed hybrid mesh

To further study the discrete formulations of tmwiscid and viscous terms in the
governing equations, the Euler and Navier-Stokestons are tested separately on meshes with
a particular mesh topology, i.e., either highlywskd tetrahedral cells or highly skewed prismatic
cells alone. The above analysis explains how MMBiglwith the order of accuracy test can be
used to find sensitivities to mesh quality by tegtion different meshes with different cell
topologies and different cell quality. From thedstuit is observed that the code is successfully
verified to be second order accurate while tesinter and Navier-Stokes equations on highly
skewed hexahedral and prismatic cells but faileddtder of accuracy test while testing Euler
equations and Navier-Stokes equations on highlywstetetrahedral cells and hence on the 3D
highly skewed hybrid mesh. The Euler equationscenlg first order accurate and the Navier-
Stokes equations are less than first order accorateghly skewed tetrahedral cells which led to
the same effect on 3D highly skewed hybrid meshe ®lder of accuracy of the governing

equations on the highly skewed cells in 3D is tatad in Table 2.

The reason for failure of code verification on BB highly skewed hybrid mesh is
because of the instability in the inviscid operatbesting only the heat equation (similar to
testing the diffusion operator) on the highly skdwaD hybrid mesh produced second order
accuracy. On the highly skewed mesh, a limiter eeded to achieve iterative convergence.

Running the Euler equations with the limiter, tloele converges to only first order because of a
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stability problem caused by the geometry of thaligmat stencil at the boundary. Since there is
instability in the inviscid operator, the limites forced to be active and it affects the diffusion
operator which also incorporates the limiter. Thiéudion operator incorporates the limiter to

ensure that it does not introduce new solutioneexé.

Table 2. Order of accuracy of the governing equatios on highly skewed cells in 3D

Euler Equations Navier-Stokes Equations
Hexahedral Cells " Order 2° Order
Prismatic Cells % Order 2° Order
Tetrahedral Cells *1Order Less than*10rder
Hybrid Cells ' Order Less than*1Order

4.3  Verification of Transport Models

Other equations verified in the finite volume caale the equation of state, thermally
perfect thermodynamic model and Sutherland’s lawis€osity. Verifying the Navier-Stokes
equations in the Loci-CHEM code automatically esfequation of state. For verifying the
thermally perfect thermodynamic model and Suthefktaw of viscosity, thermal conductivity
and viscosity are defined as functions of tempeeatBoth the equations are tested in 3D skewed
hybrid mesh and are successfully verified to b@séorder accurate with the observed order of
accuracy approaching two with mesh refinement. Manufactured Solution used for the
verification of the transport equations is sameh@sManufactured Solution used for the Euler
and Navier-Stokes equations. The order of accuresyits for the Sutherland’s law of viscosity

on a 3D skewed hybrid grid are shown in Figure 17.
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Figure 17: Order of accuracy results for Sutherlands law of viscosity on a 3D skewed
hybrid mesh using a) Ly norm of the discretization error and b) L norm of the
discretization error

4.4  Verification of Boundary Conditions

In order to verify the implementation of a boundacgndition in a code, the
Manufactured Solution can be tailored to exacthisfaa given boundary condition on a domain
boundary. A general approach for tailoring Manufaeti Solution to ensure that a given
boundary condition is satisfied along a domain ltauyp was developed by Bond et?&The
approach is explained with a simple example in’Zhe standard form of the Manufactured

Solution for the 2D steady-state solution can bigtevr as

] F 1. 1] F (4.16)
where

V7 Vg 7 417
8 1,(7 e 8 ]*J(A7CC—8 (4.17)

A boundary in 2D can be represented by a generakét(x,y) = C, whereC is a constant. The
new Manufactured Solution for verifying boundarynddions can be found by multiplying the

7

Vo
| Fool«(7 ¢

f1(x,y) term with the functiofiC-F(x,y)]™ as shown below:

] hi F 1. 1] Fja k FI™° (4.18)
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This procedure will ensure that the Manufacturetut8m is equal to a constarig satisfying a
Dirichlet boundary conditiorf(x,y) = 7o along the specified boundary for m = 1. For m # 2,
ensures that the Manufactured Solution will satisbgh Dirichlet and Neumann (zero normal

gradient) boundary conditions along the specifiedraary.

To test a boundary condition option where the bamnds curved, a well-defined curved
boundary for 2D meshes, i.&(x,y) = Cand a well defined curved surface for 3D meshes, i
F(x,y,z) = Care considered as one side of a domain in 2D 8nae®pectively, and the mesh is
built along with that boundary. The analytic detiom of the curved boundaries considered for

the boundary condition verification in both 2D &8id are defined as given below.

k F F d>6 ?<e od>e ?
k FF F d>6 " ?<e Hd> ?<e Tod>e ? (4.19)
Codse ?F

These boundaries are used both in the ManufactB8mddtion and the grid generation. The
curved surface used for the verification of bougdaimditions in 3D is shown in Figure 18. The
boundary conditions are also tested when the baynsla straight boundary (straight line in 2D

and a flat surface in 3D) instead of a curved bamnd

Figure 18: Wavy surface used as a well-defined bodary for 3D meshes

The different boundary condition options verifiedthe finite volume code include the no-slip
adiabatic wall, no-slip isothermal wall, slip walith the Euler equations and the Navier-Stokes
equations, isentropic inflow, outflow, extrapolatj@and farfield.
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4.4.1 Mesh Topologies

The meshes used for verification of boundary coowlét are different and a separate set
of meshes are generated for boundary conditioffieaion in both 2D and 3D. The 2D hybrid
mesh and the 3D hybrid mesh with a curved boundesgd for the boundary condition
verification are shown in Figure 19. In the figufey, both meshes the bottom boundaries are the
well defined curved boundaries which are testedlitierent boundary condition options. While
generating these meshes for boundary conditioficegion, the mesh is generated to be normal
to the tested boundary.

a) b)

Figure 19: Meshes used for boundary condition vené€ation a) 2D hybrid mesh and b) 3D
hybrid mesh

4.4.2 No-slip Wall
The no-slip wall boundary is verified as an adiabdioundary and an isothermal
boundary. In both the cases, the no-slip wall bauynds tested as a straight wall boundary and

also as a curved wall boundary.

4.4.2.1 No-slip Adiabatic Wall

By testing the no-slip wall as an adiabatic boupdarNeumann boundary condition for

temperaturedT/dn = O is verified along with the no-slip conditiorv (= 0) on a patrticular

boundary. The no-slip wall is tested as an adiadatundary on meshes with both straight and
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curved boundaries in 2D and 3D. The 2D Manufact@ellition used for the verification of no-

slip wall as an adiabatic boundary is of the form

c ¢ k F 7, F8

D kK F D], F
(4.20)
k F E ], F
2 2 k F 7, FB8
and the function F(x,y) is defined for a straightibdary and a curved boundary as
k F F
(4.21)
k F F d>6 ?<e d>e ?

The 3D Manufactured Solution used for the verifmatof no-slip wall as an adiabatic boundary
is of the form

C C Kk Fv+ 71, FF8

D k FH D], FH

E k FH E ], FH (4.22)
G k FH G ], FH

2 2 k FF 7], FF8

and the function F(x,y,z) is defined for a straigbtindary and a curved boundary as

k FF F
k FF F d>6 ?<e Hd> ?<e T od>e ? (4.23)
T d>e 2k

The constants used in the 2D and 3D ManufacturddtiSons are presented in Appendix C in

Table C1 and Table C2, respectively. By selecthrg Manufactured Solution as shown above,
all the velocity components become zero on the Fboundary and the normal derivatives of
density and pressure become zero at F = 0 boundhigh makes the normal derivative of

temperature also zero at that boundary satisfyiitp the no-slip condition and the adiabatic
condition. The temperature contours in a 3D domien the bottom boundary is defined as an
adiabatic no-slip wall are shown in Figure 20.
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Figure 20: Temperature contours when the bottom bondary is defined as a no-slip
adiabatic wall

The no-slip wall is tested as an adiabatic boundarthe 2D hybrid mesh and 3D hybrid
mesh with curved boundaries and the observed afdaccuracy calculated from the numerical
solutions approached two with mesh refinement f@& meshes considered. The results are
shown here for the 3D hybrid mesh with curved bauwiesd and the order of accuracy results
using L and L norms of the discretization error for the adiabat-slip wall boundary on a 3D

hybrid mesh are shown in Figure 21.
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Figure 21: Order of accuracy results for adiabaticno-slip wall boundary on a 3D hybrid
mesh using a) k. norm of the discretization error and b) L norm of the discretization
error

4.4.2.2 No-slip Isothermal Wall

By testing the no-slip wall as an isothermal bouggda Dirichlet boundary condition for
temperature T = constanf is verified along with the no-slip conditiow € 0) on a particular
boundary. The no-slip wall is tested as an isotlaitroundary on meshes with both straight and
curved boundaries in 2D and 3D. The 2D Manufact@eldition used for the verification of no-

slip wall as an isothermal boundary is of the form

D k F D], F (4.24)

The 3D Manufactured Solution used for the verifmatof no-slip wall as an adiabatic boundary

is of the form
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2 k FFr 7, FF8

Y7. k FH ]Jo FH 8

D k FH D], FH
(4.25)
E k FH E ], FH

G k FH G ], FH
2 2 k FF 7, FF8

The constants used in the 2D and 3D ManufacturddtiSos are presented in Appendix C in
Table C1 and Table C2, respectively. By selectivg Manufactured Solution as shown above,
all the velocity components become zero on the @-boundary and the temperature becomes
constant at that boundary satisfying both the mo-sbndition and the isothermal condition.
Here, the Manufactured Solution for temperaturenad used, but a constant temperature
boundary needs to be satisfied. Hence, the ManuftiSolution for density is selected in terms
of pressure and temperature which satisfies thdatkeonditions for isothermal boundary. The
temperature contours in a 3D domain when the botbioundary is defined as an isothermal no-
slip wall are shown in Figure 22.

Figure 22: Temperature contours when the bottom bondary is defined as a no-slip
isothermal wall

The no-slip wall is tested as an isothermal boundar the 2D hybrid mesh and 3D
hybrid mesh with curved boundaries and the obseordér of accuracy calculated from the
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numerical solutions approached two with mesh refieiet for the meshes considered. The
results are shown here for the 3D hybrid mesh wittved boundaries and the order of accuracy
results using Land L norms of the discretization error for the isothakmo-slip wall boundary

on a 3D hybrid mesh are shown in Figure 23.
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Figure 23: Order of accuracy results for isothermalno-slip wall boundary on a 3D hybrid
mesh using a) L. norm of the discretization error and b) L norm of the discretization
error

4.4.3 Slip Wall
Testing the slip wall is verifying the slip conditiV,,= 0 on a particular boundary where

Vy is the velocity component normal to the surfaclsoAon a slip wall boundary, the viscous
terms need to be zero. This boundary conditiorefsxdd with impermeable or reflecting options
available in the Loci-CHEM code. The slip wall bolany condition is tested with both the Euler
and the Navier-Stokes equations. The 2D Manufadt8aution used for the verification of slip

wall boundary is of the form

DD. k F ], F (4.26)
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2 2 k F 7, F8

The 3D Manufactured Solution used for the verifmaif slip wall boundary is of the form

C C k FF 7, FF38

DD. k FH 1, FH

E k FH E ], FH (4.27)
GG. k FH ], FH

2 2 k Fv 7, FF8

The constants used in the 2D and 3D ManufacturddatiSos are presented in Appendix
C in Table C1 and Table C2, respectively. The abdmufactured Solutions for slip wall
boundary condition verification will work only fotesting on straight boundaries since the
normal velocity component of zero cannot be acldef® a curved boundary with this
Manufactured Solution. These Manufactured Solutiares used while testing slip wall along
with the Navier-Stokes equations. For the curvednbaries, selecting the Manufactured
Solutions while testing slip wall along with the Wer-Stokes equations is challenging and
testing of slip wall with the Navier-Stokes equasoon curved boundaries is not performed in
this work. Hence, the slip wall with the Navier-ls¢g equations is tested on 2D rectangular

mesh with straight boundary and 3D hybrid mesh wsithight boundary.

In the case of verification of slip wall with thEuler equations, selecting the
Manufactured Solution for testing on curved bouredais relatively easier since there is no need
to deal with the viscous terms on the curved boondehe velocity component normal to the

slip wall boundary is zero and can be derived usiiegexpression

gk rs
6 & LD LE
F (4.28)
6 R& LI: LE LG
F H

The 2D Manufactured Solution for verification ofpsivall when using curved boundaries and

Euler equations is of the form

52



kK F (4.29)

2 2 k F 7, F8

The 3D Manufactured Solution used for the verifmatof slip wall when using curved

boundaries and Euler equations is of the form

C C Kk Fv+ 71, FF8
DD ], FH
k FH

E —nD ], FH
(4.30)
Kk FH
———— G 1, FH

GG.]1, FH
2 2 k FF 71, FFES8

The constants used in the 2D and 3D ManufacturdatiSos are presented in Appendix
C in Table C1 and Table C2, respectively. The wigtl with the Euler equations is tested on 2D
hybrid mesh and 3D skewed hybrid mesh with curvaghldaries also and the observed order of
accuracy calculated from the numerical solutionsraached two with mesh refinement for the
meshes considered. The results are shown heréndoBD skewed hybrid mesh with curved
boundaries and the order of accuracy results usiramd L norms of the discretization error for
the slip wall boundary with the Euler equations @r8D skewed hybrid mesh are shown in
Figure 24. The slip wall with the Navier-Stokes ations is tested on 2D rectangular mesh and
3D hybrid mesh with straight boundaries also amdaiserved order of accuracy calculated from
the numerical solutions approached two with mesimement for the meshes considered. The
results shown here are for the 3D hybrid mesh siithight boundaries and the order of accuracy
results using L and L norms of the discretization error for the slip Wadundary with the

Navier-Stokes are shown in Figure 25.
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Figure 24: Order of accuracy results for slip wallboundary with the Euler equations on a
3D skewed hybrid mesh using a) {.norm of the discretization error and b) L norm of the
discretization error

T T T T T L B
i —=—— tho ] i —=—— rho i
4 | — —»—— rho*uvel | 4 | — —»—— rho*uvel |
L — — e — rho*wvel R o — —e — rho*wel
o [ —-—-+-—- rtho*wvel o I —-—<+-—- rtho*wvel 1
= ol —-—a—-—- rtho*e, ] = Al —-—-a-—- rho*e, ]
3 ] 3 7
g [ 1 8 [ 1
= R 5 - ]
g | e g | ]
s 2 Ll S o S e S
° e T T e ] = | :-,‘:-\—-“—‘*::'—:’—.,,,fllf_ﬁ. 1
o [ 1 [) i S —_— == 1
F< ] B [ . i
o L N o ,L ]
1 ] I BT 1 ] i IR
1 2 3 4 1 2 3 4
h h
a) b)

Figure 25: Order of accuracy results for slip wallboundary with the Navier-Stokes
equations on a 3D hybrid mesh with straight boundaes using a) L4 norm of the
discretization error and b) L norm of the discretization error
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4.4.4 Isentropic Inflow

This boundary condition is an inflow boundary thetuires the total temperature and
total pressure to be constant on the inflow bound&@his boundary condition is applicable to
only subsonic inflow conditions in the code. Thenigopic inflow boundary is tested on 2D
rectangular mesh and 3D hybrid mesh with straightnidaries. The governing equations used
while testing isentropic boundary condition are theler equations. The 2D Manufactured

Solution used for the verification of isentropiflaw boundary condition is of the form

Cc C kK F 7, F8

D k F D], F
(4.31)
EE. k F ], F

2 2 k F 7, Fs8

The 3D Manufactured Solution used for the verifmatof isentropic inflow boundary condition
is of the form

C C k Fv 7, Ft8

D kK FH D], FH

EE. k FH ], FH (4.32)
G kK FH G 1, FH

2 2 k FF 7, Ft8

The constants used in the 2D and 3D ManufacturddatiSos are presented in Appendix
C in Table C1 and Table C2, respectively. The abéhamufactured Solutions for isentropic
inflow boundary condition verification are develdpéor testing on straight boundaries. For
curved boundaries, the Manufactured Solutions needbe selected very carefully and
verification of isentropic inflow on a curved bowrg is not performed in this work. By
selecting the Manufactured Solution as above hallMariables are constant on the F = 0 inflow
boundary and also the derivatives of the varialales zero normal to the boundary. The u-
velocity and w-velocity are zero on the F = 0 baanydand with only v-velocity defined on that
boundary, the velocity is normal to the inflow bdany. With density, pressure, and the velocity

components constant on the boundary, the stagnptessure and stagnation temperature are
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also constant which satisfies the isentropic boonadandition on the inflow boundary. The
isentropic inflow boundary condition is successfulerified on a 2D rectangular mesh with
straight boundaries and 3D hybrid mesh with sttaigbundaries and the observed order of
accuracy calculated from the numerical solutionsrapched two with mesh refinement for the
meshes considered. The results are shown hered@D hybrid mesh with straight boundaries
and the order of accuracy results usingand L norms of the discretization error for the

isentropic inflow boundary on a 3D hybrid mesh sttewn in Figure 26.
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Figure 26: Order of accuracy results for isentropicinflow boundary on a 3D hybrid mesh
using a) Ly norm of the discretization error and b) L norm of the discretization error

4.45 Outflow
This boundary condition is a characteristic basedflav condition. The outflow

boundary condition is tested as a subsonic boundaoy this outflow boundary condition, a
static pressure is imposed at the boundary. Thifomuboundary is tested on 2D rectangular
mesh with straight boundary and 3D hybrid mesh vgtfaight boundary. The governing
equations used while testing outflow boundary ctonli are the Euler equations. The 2D

Manufactured Solution used for the verificationtlod outflow boundary condition as a subsonic

outflow is of the form
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(4.33)

The 3D Manufactured Solution used for the verifmatof outflow boundary condition as a

subsonic outflow is of the form

C C k Fv 7, Ft8

D kK FH D.], FH
E E. k FH ], FH (4.34)
G k FH G.], FH

2 2 k FF 7], FF8

The constants used in the 2D and 3D ManufacturdatiSos are presented in Appendix
C in Table C1 and Table C2, respectively. The ab®lanufactured Solutions for outflow
boundary condition verification work for testing astraight boundaries. For the curved
boundaries, the Manufactured Solutions need toebected very carefully and verification of
outflow on a curved boundary is not performed hBreselecting the Manufactured Solution as
above, the u- and w-velocities are zero on theQyboundary and only a negative v-velocity is
defined on this boundary which ensures that the ogoing out and is normal to that boundary.
The outflow boundary condition is tested as a smigsoutflow on a 2D rectangular mesh with
straight boundaries and 3D hybrid mesh with sttaigbundaries and the observed order of
accuracy calculated from the numerical solutionsrapched two with mesh refinement for the
meshes considered. The results are shown for theyBBd mesh with straight boundaries and
the order of accuracy results usingdnd L norms of the discretization error for the outflow

boundary tested as a subsonic boundary on a 30dhylash are shown in Figure 27.
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Figure 27: Order of accuracy results for subsonic atflow boundary on a 3D hybrid mesh
using a) Ly norm of the discretization error and b) L norm of the discretization error

4.4.6 Extrapolation
The extrapolation-based boundary condition is udefusupersonic outflow conditions.

The outflow boundary condition is tested with sgoeic flow conditions. The extrapolation
boundary condition is tested on a 2D rectangulashm&nd a 3D hybrid mesh with straight
boundaries. The governing equations used whilentesiutflow boundary condition are the
Euler equations. The 2D Manufactured Solution usedhe verification of the extrapolation

boundary condition with supersonic flow is of them

C k F 71, F8
D kK F ¢ ] o, F
(4.35)
E f k F ], F
2 k F 71, F8

The 3D Manufactured Solution used for the verifmatof extrapolation boundary condition

with supersonic flow is of the form
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C k Fr 7], FF8

D k FH ¢ ] , FH

E f k FH ], FH (4.36)
G k FH e ] , FH
2 k FF 7], FL8

The constants used in the 2D and 3D ManufacturdatiSos are presented in Appendix
C in Table C1 and Table C2, respectively. The abddaaufactured Solutions for extrapolation
boundary condition verification are only for tesgfion straight boundaries. For the curved
boundaries, the Manufactured Solutions need to #@edled carefully and verification of
extrapolation boundary condition on a curved boundsnot performed here. By selecting the
Manufactured Solution as above, the u- and w-vBé&scare zero on the y = 0 boundary and only
a negative v-velocity is defined on the y = 0 baanydwhich ensures that the flow is going and
the flow is normal to that boundary. The Manufaetl6olution also ensures that the derivatives
of all the variables at the boundary are zero. &kteapolation boundary condition is tested on a
2D rectangular mesh and a 3D hybrid mesh withghitaboundaries and the observed order of
accuracy calculated from the numerical solutionsrapched two with mesh refinement for the
meshes considered. The results are shown for theyBBd mesh with straight boundaries and
the order of accuracy results using &nd L norms of the discretization error for the

extrapolation boundary with supersonic flow on al8brid mesh are shown in Figure 28.
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Figure 28: Order of accuracy results for extrapolae boundary on a 3D hybrid mesh using
a) L; norm of the discretization error and b) L norm of the discretization error

4.4.7 Farfield
The farfield boundary condition is an inflow-outflocharacteristic based boundary

condition. It is mostly suitable for a farfield atition used in external flows. It is suitable for
both subsonic and supersonic flow conditions. Hére, farfield boundary condition is tested
with subsonic flow conditions on 2D hybrid and 3Rewed hybrid meshes with curved
boundaries. While testing the farfield boundaryditan, the Navier-Stokes equations are used
as the governing equations. The same Manufactudti@® used for testing the baseline
governing equations, i.e., the Euler and the NaSiekes equations are used for testing the
farfield boundary condition. The farfield boundargndition is successfully verified on the 2D
and 3D hybrid meshes and the observed order ofracgucalculated from the numerical
solutions approached two with mesh refinement f@ meshes considered. The results are
shown for the 3D skewed hybrid mesh and the orflaccouracy results using;land L norms

of the discretization error for the farfield boung@&ondition on a 3D skewed hybrid mesh are

shown in Figure 29.
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Figure 29: Order of accuracy results for farfield boundary on a 3D skewed hybrid mesh
using a) Ly norm of the discretization error and b) L norm of the discretization error

4.5  Verification of Turbulence Models
Verification of turbulence models provides addiabchallenges for MMS for different

reasong’ One of the reasons is that the turbulence mode&la employ min or max functions to
switch from one behavior to another, thus caudgsburce terms to no longer be continuously
differentiable. The turbulence models tested in fimte volume code are the basic k-
turbulence model and the kturbulence model which are part of the baselinesiga of the
Menter's k- modef’ and the Menter's Shear Stress Transportrkodel?’ In both models, the

k- turbulence model gets activated in the boundaygrlaegion and the k-turbulence model
gets activated away from the wall boundaries inftee shear layers. The general form of the

turbulent kinetic energy equation and the turbufesquency equation for compressible flow are:

CL CDt CEL CGL U 1vewL
F H
—AS xS el FAS x So %B (4.37)
u
ﬁ/ S xS ﬁE
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(4.38)
—AS xS ﬂB
H H
e AW u w u WE
2 W FF HH
The turbulence production terms is given by
D E G E D G E
L — — 1, = = — —
u I 135 F | K v 14, = | 5k =
(4.39)
m D G
" H
where the full compressible stress tensor is used:
" Q D E G c
* RC F H -
§ E D G c
> R® F H
(4.40)
|§< -So E B E Cu
K R H F
i, s 2 E § E S B! ¢ b

The blending function F in the turbulent dissipaticate equation can be used to

activate/deactivate the cross diffusion term wishlfits the turbulence equations between the k-

turbulence model and the kurbulence model. By setting the blending functioto zero, the

cross diffusion term in the turbulent dissipatiaterequation is activated and the turbulence

model is tested. By setting the blending functioroFunity, the cross diffusion term in the

turbulent dissipation rate equation is deactivated the k- turbulence model is tested.

The constants used in the 2D and 3D ManufacturddtiBos for the verification of

turbulence equations are presented in Appendix Table C1 and Table C2, respectively. In the
process of selecting the Manufactured Solutionctate verification purposes, it is required that
different terms in the governing equations are hbyithe same order of magnitude such that the
contribution from each term in the governing equatis of same order of magnitude. This

prevents the larger magnitude terms from maskingrenn other terms of smaller magnitude.
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During the verification of turbulence models, thamifactured Solutions are generated such that
all terms in the turbulence models are roughly sarder of magnitude over the domain
considered for verification. For example, when slerce terms are generated for the turbulent
kinetic energy equation, the ratios of the conwextidiffusion, and production terms to the
destruction terms are calculated to check thatthel terms in the turbulent kinetic energy
equation are of similar orders of magnitude. Aseaample, the ratio of production term to the
destruction terms in the turbulent kinetic energyation in a 2D rectangular domain is shown in
Figure 30. From the figure, the ratio of the pragucterm to the destruction term is maintained
such that the production term and the destruceom tare of similar orders of magnitude in the
complete domain. Similar source term ratios for thebulent dissipation rate equation are

calculated to check all the terms are of similateos of magnitudé’

Figure 30: Ratio of production term to the destructon term in turbulent kinetic energy
equation in a 2D rectangular domain

The k- turbulence model is tested on the 3D skewed hytmédh and the observed
order of accuracy approaches two with mesh refimemihe observed order of accuracy result
for the k- turbulence model on the 3D skewed hybrid mestasva in Figure 31. During the
testing of k- turbulence model, a problem with the turbulentsighgtion rate equation was
observed and the discretization error for that ggoadid not decrease at expected rate. The

observed order of accuracy of the discretization error norms dropped to zero withsme
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refinement, but all the other conserved variabemditization norms approached two with mesh
refinement. The behavior of the observed ordercoieacy with mesh refinement for the k-

turbulence model on the 3D skewed hybrid meshasvahin Figure 32.
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Figure 31: Order of accuracy results on the 3D skeed hybrid mesh for k- turbulence
model (F=1) using a) L norm of the discretization error and b) L norm of the
discretization error
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Figure 32: Order of accuracy results on the 3D skeed hybrid mesh for k- turbulence
model (F=0) using a) L norm of the discretization error and b) L norm of the
discretization error

To explore the reason for failure of the verifioattest for the k- turbulence model on
the 3D skewed hybrid mesh, it is tested on simpleshes. Initially the k-turbulence model is
tested on the 2D hybrid mesh and it is observedttieverification is successful with all the
norms of the discretization errors approaching with mesh refinement. The order of accuracy
result for the k- turbulence model on the 2D hybrid mesh is showRigure 33. The above test
is also done on a highly skewed 3D curvilinear mesth hexahedral cells and the k-
turbulence model is successfully verified with #fle norms of the discretization error
approaching two with mesh refinement. The ordeacturacy result for the k-turbulence

model in the 3D highly skewed curvilinear meshhewn in Figure 34.
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Figure 33: Order of accuracy results on the 2D hyld mesh for k- turbulence model (F=0)
using a) Ly norm of the discretization error and b) L norm of the discretization error
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Figure 34: Order of accuracy results on the 3D higly skewed curvilinear (i.e., structured)
mesh with hexahedral cells for k- turbulence model (F=0) using a) kL. norm of the
discretization error and b) L norm of the discretization error

In addition, the k- turbulence model is tested on a 3D unstructureshmeth tetrahedral

cells and it is successfully verified with all therms of the discretization error approaching two
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with mesh refinement. The order of accuracy resoitt the k- turbulence model on 3D
unstructured mesh with tetrahedral cells is shawhigure 35. By testing on different meshes, it
can be concluded that there is an issue in theadeséormulation of some of the terms in the
turbulent dissipation rate equation as it worksrextty only on 2D mesh topologies, 3D
structured mesh topologies, and 3D unstructurechnagth tetrahedral cells but it fails on 3D
unstructured mesh topologies with skewed cellsimFtioe above analysis, it is determined that
the issue is isolated to the cross-diffusion temnthie turbulent dissipation rate equation on 3D

unstructured mesh with skewed tetrahedral cells.
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Figure 35: Order of accuracy results on the 3D unstictured mesh with tetrahedral cells
for k- turbulence model (F=0) using a) L norm of the discretization error and b) L norm
of the discretization error

4.6  Verification of Time Accuracy for Unsteady Flows

It is more difficult to apply the verification predure using the order of accuracy test to
problems that involve both spatial and temporatmization, especially when the spatial order
is different from the temporal order. A combineditsg and temporal order verification method
was developed by Kamm et®lIn their approach, they use the Newton-type iteegbrocedure
to solve a coupled, non-linear set of algebraicaéqus to calculate the coefficients and

observed order of accuracies for the spatial amdpéeal terms in the discretization error
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expansion. In this present work, a simpler apprdacispatial and temporal order verification is

proposed.

Neglecting the higher order terms, the discretimagrror for a scheme with spatial and

temporal terms, can be written as

5. .o o (4.41)
where23andi are the observed orders of accuracy in spaceiua] tespectivelyg, andg; are
the coefficients of spatial and time terms, redpelt, andhy andh; are normalized spatial and
temporal discretizations respectively . Similamyith different set of coefficients, the norm of

the discretization error can be found as

elfe ..o 0 (4.42)
Initially, a spatial mesh refinement study is pemied with a fixed time step to calculé2@&and

Ox using three mesh levels which makes the disctedirzarror equation

elie ..o ] (4.43)
where f = g,h%is the fixed temporal error term. Using three msshitions, refined by the factor
ry, coarse (’h,), medium ¢h, ), and fine {,), the observed order of accura@gan be

calculated as
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where r, is the spatial refinement factor between two miesiels and the coefficient of the

spatial term gcan be calculated as
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Similarly, a temporal refinement study is perfornoeda fixed mesh to calculaleand g

using three temporal discretizations, coars® ), medium ¢h ), and fine ). With all the

coefficients calculated, the spatial step size tedtemporal step size can be chosen such that
the spatial discretization error term has the sawnger of magnitude as the temporal
discretization error term. It is required that #matial and temporal discretization error terms
have the same order of magnitude such that bothtdihmas have the same effect on the
discretization error of the scheme. With one eteom much smaller than the other error term, it
makes it difficult to verify the order of accuracy the smaller error term. If the temporal
discretization error term is so small when compdoethe spatial discretization error term, then

mistakes in the temporal discretization will notdeen on very fine meshes.

Once these two terms are approximately the samer ofdmagnitude, combined spatial
and temporal order verification is conducted byasgiog the temporal refinement factor such
that the temporal error term drops by the samerafimmagnitude as the spatial error term with

refinement, i.e.r, =r”%. Here ris the temporal refinement factoy, is the spatial refinement

factor, 23s the spatial order aridlis the temporal order. In our case, the formakois 2 in both
space and time, i.23= 4 = 2. Using this procedure, the unsteady time teraerified on the 2D
hybrid mesh and the 3D hybrid mesh for Navier-Ssokguations. The observed order of
accuracy on both the meshes approached two withh mefsnement. The order of accuracy
results using & discretization error for the time accuracy of tiresteady flows on 2D hybrid

mesh and 3D hybrid mesh are shown in Figure 36agute 37, respectively.
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Figure 36: Order of accuracy results for time accuacy of the unsteady flows on the 2D
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Figure 37: Order of accuracy results for time accuacy of the unsteady flows on the 3D
hybrid grid using a) L1 norm of the discretization error and b) L norm of the
discretization error
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4.7  Issues Uncovered During Code Verification

During the verification of the finite volume codsgveral coding mistakes and algorithm
inconsistencies were uncovered. Some code optalesi fthe order of accuracy test for the first
time and the verification studies helped in leagnmore about the code or the algorithm and
ultimately removing some of the mistakes in theecad algorithm. Because the verification
procedure is so sensitive to minor issues likentiesh topology or mesh quality, they can often
uncover sensitivities to these issues. Issues wmedv during the code verification are

documented here.

4.7.1 Coding Mistakes/Algorithm Inconsistencies

A coding mistake was found and corrected in thentdation of the diffusion operator
while testing the Navier-Stokes equations in thédivolume code on the 2D skewed curvilinear
mesh. Initially, the discretization error did n&odease with mesh refinement and a modification
was done to the diffusion operator by LuiRé&he new diffusion operator rectified the problem

and an observed order of accuracy of two was aitiaivith mesh refinement.

A coding mistake was found and corrected in thentdation of the diffusion operator
while testing the Navier-Stokes equations on 2Dtrustured mesh with triangular cells.
Initially, the diffusion operator was found to baly first order accurate on 2D unstructured
meshes and after modifying the diffusion operatmmmiulation for unstructured grids, the
diffusion operator tested was found to be secoddraaccurate.

Testing the k- turbulence model on different mesh topologiesyas found that there
was an issue in the discrete formulation of thessdiffusion term in the turbulent dissipation
rate equation. The present formulation works fine2® mesh topologies, 3D structured mesh
topologies, and 3D unstructured mesh with tetraddezklls but failed on 3D unstructured mesh
topologies with skewed cells.

4.7.2 Grid Sensitivities

Systematic mesh refinement was found to be impbftarthe verification process. Lack
of systematic mesh refinement on unstructured nselgluketo the failure of code verification test.
As an example, initially 3D unstructured meshest&@iomg tetrahedral cells were generated

using GRIDGEN. Using this mesh generation tool,oandin was filled with tetrahedral cells
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automatically. Generating different mesh levels @GRIDGEN, the meshes were not
systematically refined. When Navier-Stokes equatiere tested using these meshes generated
in GRIDGEN, the code verification test failed whehe observed order of accuracy did not
match the formal order. Later, the 3D unstructumeesh with tetrahedral cells was generated
using the developed mesh generation code and mdsirasthis code were systematically
refined between the mesh levels. Using these meghes Navier-Stokes equations were
successfully verified to second order accurate c@erxplaining the importance of systematic

mesh refinement for code verification.

During the verification of the no-slip wall boungiazonditions it was found that the mesh
should be normal to the wall and the order of aacytest failed if the mesh is not normal to the
wall. To explain this, initially while testing thediabatic no-slip wall boundary condition in 2D,
the meshes which were used for verification did mte mesh normal to the boundary. While
testing the adiabatic no-slip wall boundary on ¢éheseshes, the calculated observed order of
accuracy did not match the formal order and erras Wound to be near the boundary. Later,
when the meshes are generated again such thaeiteismnormal to the boundary, the adiabatic

no-slip wall boundary was successfully verified.

The discrete formulation of the governing equatiaas found to be sensitive to highly
skewed tetrahedral and prismatic cells. The baseajoverning equations were successfully
verified on the highly skewed 2D hybrid mesh anghty skewed 3D curvilinear mesh with
hexahedral cells, but failed the verification teista highly skewed 3D hybrid mesh.
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5. Finite Volume Diffusion Operators

For well over a decade, there has been significank on the development of algorithms
for the compressible Navier-Stokes equations orrucisired grids. This work is motivated by
the fact that unstructured meshes allow more auiomaf the mesh generation process and thus
less of the analyst’s time relative to structureelshes. One of the challenging tasks during the
development of these algorithms is the formulatimin consistent and accurate diffusion
operators. A robust approach is desired for thetrment of diffusion operators such that they are
at least second order accurate on various struttumd unstructured cell topologies. In addition,

the accuracy of diffusion operators also dependsiesh quality.

A survey of diffusion operators for compressible DCBolvers was conducted to
understand different formulation procedures forfugiibn fluxes. A patch-wise version of the
Method of Manufactured Solutions was used to thst accuracy of some of the selected
diffusion operators. These diffusion operators wesded and compared on different 2D mesh
topologies to study the effect of mesh quality, messolution, and the solution behavior. For 2D
structured meshes, mesh quality includes stretcltasgect ratio, skewness, and curvature, but
for 2D unstructured meshes, these mesh qualit\patiss cannot be isolated. As an example, a
triangular mesh with curvature, aspect ratio oetstring will also have skewness. Quantities
examined include the numerical approximation eresrd order of accuracy associated with face
gradient reconstruction. In the present work, #sting of diffusion operators is limited to cell-
centered finite volume methods in 2D which are fallynsecond order accurate.

5.1 Robustness and Accuracy

In the development of a numerical diffusion operatme generally desires the creation
of an accurate and robust operator. The consiatghiaccurate treatment of diffusion fluxes are
particularly challenging for finite volume solver&enerally, it is required for the discrete
operator to share important properties with thegioal continuous operator. For diffusion

operators there are three properties that we wiikddo satisfy and these are as follows:

1. The operator should be numerically conservativehéf operator is defined as a sum of
fluxes over all of the faces of a cell, then themypor is conservative if the shared faces

utilize the same flux.
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2. The operator should not generate new extrema. iBhdahe maximum and minimum
solution values for diffusion processes should oetuhe boundaries.
3. The operator should be linearity preserving. That the operator should evaluate

identically to zero when given a linear function.

Satisfaction of the first property of conservatiwhen using a finite-volume scheme is
easily achieved. If the operator is defined asra stifluxes over all of the faces of a cell, and
the shared faces utilize the same flux, then coasen is automatically achieved. The challenge
then turns to the formulation of the cell interfdlexes. The second property can be evaluated
simply for linear schemes. For linear schemes theraior which is formed from the sum of
interface fluxes is written as a weighted sum agnleoring cell values. If all of the weights in
this sum are positive then the operator will naiduce new extrema as each cell value is an
average of neighboring values and thus will be dednby them. For this argument to hold, the
weights of immediately adjacent cells must be neroz otherwise a degenerated ‘rotated’
Laplacian could result. An operator that does rist/ this property could result in solutions
where there is unbounded growth in the solutionaAssult, the second property is required to
produce a robust scheme. It has been shown fdefaément schemes that a positive stencil
will be generated for Delaunay simplex meshes.maed element meshes, such as those found
in typical unstructured viscous meshes, no suchiagiee has been shown. For finite-volume
meshes, the most typical strategy for formulating ¥iscous fluxes is to employ a directional
derivative technique whereby the derivative in thieection of the vector connecting cell
centroids is computed using the cell values oneeiiide of the face, while gradients in other
directions are computed through an average of #ike centered gradients. This averaging
technique avoids the ‘rotated’ Laplacian stencattiwill result if a simple average of cell
centered gradients were used. Strang & stiowed that for VGRID generated meshes up to the
thirty percent of mesh cells had negative coeffitsein the diffusion operator stencil.
Haselbacher et &f. showed that for a linear scheme, one could ngfeineral satisfy all of the
three conditions listed above; therefore one mitbee relax these requirements or resort to
some form of non-linear limiting procedure to ceea robust diffusion operator within the
context of a finite volume scheme. When the stgmusitivity property is violated, it usually
doesn’t result in failure of the scheme; howevee tlobustness of such a scheme is not

satisfactory for production use. Finally, linearpiyeserving is generally required to achieve a
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second order reconstruction. At the very leastiufai to satisfy the linearity preservation
property guarantees that the solution will be higdénsitive to the local quality and distribution

of mesh elements.

5.2  Testing Framework

The accuracy of a diffusion operator in the NaBéokes equations can be tested using
approaches that are similar to those from the MetfdManufactured SolutioR®ften employed
for code verification. During this procedure, a sxtioanalytic solution is selected to assess the
diffusion operator. For the diffusion operator t® ‘erified, the observed order of accuracy is
required to match the formal order of accuracy.

An analytic solution is used to find the exact siolu which is used for the calculation of
the error for the numerical diffusion operator. Tikerence in the procedure applied here when
compared to the MMS is that the analytic solutismot applied to any governing equation to
generate a source term. During the formulatiorhefdiffusion operator, the common procedure
is to calculate the gradients on the cell faces thede solution gradients on the cell faces are
tested for the accuracy of the diffusion operafor testing the diffusion operators in finite
volume CFD codes, initially, the numerical solutialues at the cell centers are obtained from
the analytic solution selected for testing and gbkition values at the cell centers are used to
calculate the numerical solution gradients at #ue fcenters. The values of the solution gradients
may be different depending on the type of formolatiused for the calculation of the gradients.
The analytic solution can also be used to calculeexact solution gradients at the face centers.
Then the error in the numerical formulation of tiradient can be calculated as the difference
between the numerical solution gradients and tlaetesolution gradients at the face centers. The
procedure is repeated on multiple mesh levels tahgeerror from each mesh level which are
used to calculate the observed order of accurddpel observed order of accuracy calculated
from multiple mesh levels matches the formal ordee, diffusion operator can be considered
verified. Since the mesh quality can affect theuaacy of the diffusion operator, it can be altered
during the testing process to build an accuratecandistent diffusion operator.

In the process of calculating the observed ordeacaiuracy, different mesh levels are
required to obtain the discretization error oneatiéint systematically refined meshes. By doing a

traditional way of refinement as already discussethe order of accuracy verification using
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MMS, the computations become expensive particultoty3D problems where each level of
refinement is 8 times larger. So, particularly testing the diffusion operators a different
approach is used in terms of mesh refinement. @lernate method used is similar to the
downscaling approach to order verificafibff which employs a single mesh which is scaled
down about a single point in the domain. In the dewaling approach, several parts of the mesh
in a domain are selected and they are repeatediylstiowards a focal point. In our approach,
only the stencil or the mesh to be scaled is oohsaered for testing the numerical formulation
instead of the complete domain. An example of &lmiop a mesh over a focal point for a 2D
unstructured mesh is shown in Figure 38. In tharégthe mesh is shrunk over the cell centroid
of the central triangle which is the focal poindahe whole mesh is scaled by a factor of two.
By shrinking the mesh in this fashion, a systematesh refinement is achieved which means
that the refinement is uniform and the mesh quatityains same with refinement. Similarly, the
mesh can be further scaled down several times tairolnultiple mesh levels for testing the

formulation of a diffusion operator.

Figure 38: Shrinking of a mesh over a focal pointdr a 2D unstructured mesh

5.3 Cell-Centered Finite Volume Diffusion Operators

After a brief literature survey, a few commonly dsell centered finite volume diffusion
operator formulations in the literature are seléetad tested for their accuracy on different mesh
topologies with different cell quality aspects. Tdi#ferent numerical formulations tested include

the node-averaged method, unweighted least squardghted least squares, the numerical
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formulation used by the Loci-CHEM CFD code, and trece Approximate Mapped Least
Squares (FAMLSQ) meth8twhich uses a compact stencil. These methods mféyltiscussed
below.

5.3.1 Node Averaging Method

For cell centered formulations, a common method&culating the solution gradients at
the face centers is the node averaging methdd. this method, the solution values are
reconstructed at the nodes from the surrounding aegiters. The solution reconstruction is
proposed in [65, 66] and used in [67] as an avetagrocedure that is based on a constrained
optimization to satisfy the Laplacian propertie®r Fhe calculation of gradients on the face
center, the derivative tangent to the face is cdetpas the divided difference between the
solution values reconstructed at the nodes andiéniwative normal to the face is computed
using the solution values at the centroids of thiés sharing the face. The gradient is resolved
from the derivative along the face and the demsafillong the line connecting the cell centers

across the face.

5.3.2 Unweighted and Weighted Least Squares

In the weighted least squares metfbthe contributions from the adjacent cells to the
minimized functional are weighted with weights irs&ly proportional to the distance from the
central point, i.e., the face center when calcntpthe gradients on the face. In the unweighted
least squares methd8all contributions from the adjacent cells are diguaeighted.

5.3.3 Loci-CHEM Diffusion Operator

In order to more reliably obtain second order grat$ at the face, an alternative method
for computing these gradients is introduced in tloei-CHEM code. In this method, a new
control volume centered about the face is consttudnitially, a least squares approach is used
to calculate the solution gradients at the cellteefl Then, a second order function
reconstruction is used to compute the nodal vaties control volume centered about a face.
This is constructed by computing two points thatamojected above and below the face centroid
in the normal direction by a factor of ‘@™ to form pointsd, k T @&t & and
Y k, T @&rft &asillustrated in Figure 3& is the face normal vector dfitflis the vector

that connects the left and right cell centroids.
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Figure 39: An illustration of the reconstruction of a centered control volume aha face F;
as shown in the shaded region

The cell gradients are then used in the respecsiise to reconsuct the function value
at the pointd?, andP; while at the function values at the fi nodes are reconstructed using
average of the left and right ¢ function reconstructions. The gray aredigure 39 illustrates
this reconstructed diamond cell. The left and rigbints of the reconstruction along with f
edgesof the face form triangles that bound this volur@eeers theorem is then employed
compute a secondaer face gradie.

5.3.4 FAMLSQ Method with Compact Stencil

A more general approximate mapping (FAMLSQ) me** that is baseion the distance
function, defined as theigddance to the nearest boundary is explained. The FAMLSQ
methoduseful for curved boundarieapplies a least-square minimizationa locally constructe

coordinate system.
f'=fo+ '+ (5.1)

The local coordinates’( ') areconstructed using the distance function, which jgles
information on the closesiboundary point. First the distance function is restoicted at the fac
center. The coordinate vectors at the f center are defined as a unit-directional vecto
pointing in the direction opposite to the closest boupg®int and it orthorormal ’-directional
vector. The ’-coordinate is taken as the dnce from the boundary and thecoordinate is the
projection of the vector connecting the stencilnpwith the face center onto th ’-direction.

The stencil selected for calculating the solutisadggnts at face centers is called compact
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stencil* The compact stencil typically involves two primells and two auxiliary cells; one for

each prime cell. An auxiliary cell is chosen frohe tpool of the cells sharing the nodes of the
face as the cell closest to the prime cell, but it®tface neighbor. The compact stencil is
important for discretizations on high-aspect-rafimls to represent correctly the direction of the

strong coupling.

5.4  Mesh Topologies

The different formulations of diffusion operatore &ested on different mesh types which
can isolate the mesh quality parameters includeilgaspect ratio, cell stretching, cell skewness,
and curvature. All the above types of cells aresasred in the evaluation of the diffusion
operators. In the process of evaluation, only aimmm grouping of cells required (i.e. the
stencil) are considered for the calculation ofgbkition gradients on the face centers of a single
cell. For 2D structured meshes, only 9 cells aezliend the solution gradients are calculated on
the face centers of the central cell. The 2D stmect meshes with different cell quality aspects
considered for testing the different formulatiorfsddfusion operators are shown in Figure 40
and Figure 41. A uniform mesh is shown in Figure,4® mesh with aspect ratio cells is shown
in Figure 40b, a stretched mesh is shown in Fig@® a mesh with skewed cells is shown in
Figure 40d, and a curvilinear mesh is shown in Fégdl. For 2D unstructured meshes, the
stencil contains 16 cells and only 13 cells areiireqgl for the calculation of solution gradients on
the face centers of the central cell. The triangoddis in the three corners of the domain are not
required for the calculation of solution gradieffike 2D unstructured meshes with different cell
guality aspects considered for testing are showhiguire 42. An isotropic triangular mesh is
shown in Figure 42a, a triangular mesh with aspaod cells is shown in Figure 42b where the
cells also have skewness associated with themaacutvilinear triangular mesh is shown in

Figure 42c.
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Figure 40: Structured mesh topologies in 2D: a) ufdrm mesh, b) mesh with aspect ratio
cells, c) stretched mesh, and d) mesh with skeweells
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Figure 41: 2D structured mesh curvilinear mesh
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Figure 42: Unstructured mesh topologies in 2D: a) esh with isotropic cells, b) mesh with
aspect ratio cells, and c) curvilinear mesh
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5.5  Effect of Mesh Quality

The evaluation criteria for diffusion operators #re calculation of the solution gradients
on the face centers to compare them with the eyactients for errors in the solution gradients
and calculation of the observed order of accuraitly mesh refinement. The different numerical
formulations considered are tested for accuracyBDrstructured meshes and 2D unstructured
meshes which have some cell quality aspects. Tiagytan solution used while testing the

different numerical formulations on 2D meshes ishef form given below:

L ? ) .?F F
C F E: C. d>EST( DJ d>EST(
(5.2)
FF

?
C.; d>€S

5.5.1 2D Structured Meshes
On 2D structured meshes, three numerical formulatwf diffusion operators are tested.
They include the node-averaged, unweighted leastreg, and weighted least squares methods.

5.5.1.1 Uniform Mesh

All three numerical formulations are tested on i structured uniform mesh (Figure
40a). The solution gradientsi/ x and u/ y are calculated on the four faces of the cell Whsc
the central cell of the stencil considered. Themredinement is done by fixing the cell center of
the central cell as the focal point and shrinking temaining domain equally in all directions.
On a uniform mesh all three numerical formulationsthods produced similar errors. The
solution gradients calculated at the face centeasved second order convergence with mesh
refinement for all the numerical formulations teisten 2D structured uniform mesh. The
observed order of accuracy results for the solufi@iients at the face centers for the left, right,
top, and bottom faces of the cell on a 2D structuneiform mesh using node averaging method

and weighted least squares method are shown imd=#f
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Figure 43: Order of accuracy results for gradientsat face center on a 2D structured
uniform mesh using a) node averaging method and eighted least squares method

5.5.1.2 Aspect Ratio

The effect of cell quality on the numerical formigas of the diffusion operators is
tested. The numerical formulations of diffusion kgters are tested on 2D structured mesh which
has cells with a constant aspect ratio (Figure 4B@shes with aspect ratios of 5:1, 10:1 and
50:1 are used while testing the numerical formatei The solution gradients/ x and u/ y
are calculated on the four faces of the cell winctihe central cell of the stencil considered. The
mesh refinement is done by fixing the cell centeithe central cell as the focal point and
shrinking the remaining domain equally in all difens. All three numerical formulations
methods produced similar errors on the mesh wipecsratio cells. The solution gradients
calculated at the face centers showed second ocoteergence with mesh refinement for all the
numerical formulations tested on the 2D structuresh with aspect ratio cells even for cell with
a high aspect ratio of 50:1. The change in aseict has no effect on the accuracy and a second
order behavior is observed for all aspect ratissogbnsidered. The observed order of accuracy
results for the solution gradients at the face emsnon a 2D structured mesh with aspect ratio
cells of 50:1 using the node averaging method hedmeighted least squares method are shown

in Figure 44.

83



1

w

o1
T

|
w
T

35F

225k = 2,s5F 5
& _F ] & _F ]
© 2F = c 2F 1
3 .f ] 3.t ]
S 15F ] O 15F -
f’_: E ] ff E —=—— du/dx-L ]
o 1F —-—m—-— du/dy-L - o 1F —--—m—-— du/dy-L =
B g —8—— du/dx-R ] E E —&—— du/dx-R ]
S 05F ——B—-— du/dy-R - T 05F —--—B—-— du/dy-R =
'e) r ——8—— du/dx-T ] @) r ——8—— du/dx-T ]
ok —--—H—-— du/dy-T E 0 = —--—Hl—-— du/dy-T E
—=&—— du/dx-B R F —&—— du/dx-B R
05 —-—m—-— du/dy-B 1 05 = —--—m—-— du/dy-B 1
L Lol L Lol
5 10 15 20 5 10 15 20
h h
a) b)

Figure 44: Order of accuracy results for gradientsat face center on a 2D structured mesh
with aspect ratio using a) node averaging method ahb) weighted least squares method

5.5.1.3 Stretching

The numerical formulations of diffusion operators tested on 2D stretched mesh with a
constant stretching factor (Figure 40c). Stretcmeghes with several stretching factors between
1 and 1.5 in both the coordinate directions ared ughile testing the numerical formulations.
One important note here is that the cell centershef stretched cells in the mesh are not
considered as the geometric cell centers, but #reycalculated depending on the stretching
involved in the mesh. The solution gradiensi$ x and u/ y are calculated on the four faces of
the cell which is the central cell of the stenahsidered. The mesh refinement is done by fixing
the cell center of the central cell as the focahpand shrinking the remaining domain equally in
all directions. All three numerical formulations tihheds produced similar errors on the 2D
stretched mesh. The solution gradients calculatethe face centers showed second order
convergence with mesh refinement for all the nuocagriormulations tested on stretched mesh
with stretching factors up to 1.5. The change metshing factor has no effect on the accuracy
and a second order behavior is observed for &tcting factors considered. The observed order
of accuracy results for the solution gradientshat face centers on a 2D stretched mesh with a
stretching factor of 1.5 using node averaging method weighted least squares method are

shown in Figure 45.
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Figure 45: Order of accuracy results for gradientsat face center on a 2D structured mesh
with stretched cells using a) node averaging methaghd b) weighted least squares method

5.5.1.4 Skewness

The numerical formulations of diffusion operatorge &ested on a 2D structured mesh
with skewed cells (Figure 40d). Skewness in thectired mesh can be measured in many
possible ways, but here skewness is measured asitiium angle of the cell. The skewed
meshes considered for testing have all the celis same skewness. The 2D structured meshes
with a minimum angle between two sides of a celb6@f, 30°, 15°, and 1° are used while testing
the numerical formulations. The solution gradienig x and u/ y are calculated on the four
faces of the cell which is the central cell of #tencil considered. The mesh refinement is done
by fixing the cell center of the central cell as focal point and shrinking the remaining domain
equally in all directions, thus maintaining thelcguality with mesh refinement. All three
numerical formulations methods produced similaomerron the mesh with skewed cells. The
solution gradients calculated at the face centeasved second order convergence with mesh
refinement for all the numerical formulations testen 2D structured mesh with skewed cells.
The change in skewness of the mesh has no effdbieasmccuracy and a second order behavior is
observed for all skewed cells considered. The eleskorder of accuracy results for the solution

gradients at the face centers on a 2D structureshméh highly skewed cells with a minimum
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angle of 1° using node averaging method and wedgltest squares method are shown in Figure

46.
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Figure 46: Order of accuracy results for gradientsat face center on a 2D structured mesh
with skewed cells using a) node averaging method @) weighted least squares method

5.5.1.5 Curvature

The effect of curvature as a mesh quality aspedlss examined for the different
numerical formulations of diffusion operators. Theesh considered for testing the effect of
curvature has an inner radius of 5 with differamgjlas made by the stencil range from 15° to 90°.
The solution gradientsu/ x and u/ y are calculated on the four faces of the cell Whecthe
central cell of the stencil considered. The meéineeent is done by fixing the cell center of the
central cell as the focal point and shrinking temaining domain equally in all directions which
maintains the quality of the mesh. The differentéhie errors in the solution gradients is small
for all the tested numerical formulations methoastloe 2D structured curvilinear mesh. The
solution gradients calculated at the face centeosved second order convergence with mesh
refinement for all the numerical formulations testen 2D structured curvilinear mesh (Figure
41). The change in the mesh curvature has no efiedhe accuracy. The observed order of
accuracy results for the solution gradients atfélte centers on a 2D structured curvilinear mesh

using node averaging method and weighted leastasjunaethod are shown in Figure 47.
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Figure 47: Order of accuracy results for gradientsat face center on a 2D structured mesh
with skewed cells using a) node averaging method @) weighted least squares method

As a conclusion, all the numerical formulationsteédson 2D structured meshes are
second order accurate on every type of mesh whah & particular mesh quality aspect
associated to it. The effect of cell quality on #reors in the solution gradients calculated using
any particular numerical method is negligible as é¢hrors did not vary much between structured
meshes with different cell quality. This approadhtesting the numerical formulation can be
extended to 3D without much effort in terms of meggmeration. Also, the shrinking aspect of
mesh refinement for calculating the order of accyfaom the errors from different mesh levels
can be applied easily in 3D saving computationabueces. The accuracy of these numerical
formulations is tested under more difficult sitoais when they are examined on 2D unstructured

meshes.

5.5.2 2D Unstructured Meshes

On 2D unstructured meshes, the four different niwakrformulations of diffusion
operators are tested. They include the node-aveéragghod, weighted least squares method,
numerical formulation of diffusion operator used ty Loci-CHEM code, and the numerical
formulation which uses a compact stencil and afdpdie a least squares procedure to calculate
the solution gradients at the face centers whiatalked the Face Approximate Mapping Least
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Squares (FAMLSQJ* The FAMLSQ method is tested only for unstructumaeshes with

curvature.

5.5.2.1 Mesh with Isotropic Cells

Apart from the FAMLSQ method, other numerical fotations are initially tested on the
2D unstructured mesh with isotropic cells (FiguBa} The solution gradients)/ x and u/ y
are calculated on the three cell faces of a tranghich is the central cell of the stencil
considered. The mesh refinement is again achieydiking the cell centroid of the central cell
as the focal point and shrinking the remaining donegually in all directions. Three numerical
formulations which include the node averaged methiogl weighted least squares method, and
the numerical formulation in the Loci-CHEM code dested on a 2D unstructured mesh with
equilateral triangles. The same analytic solutieadufor the 2D structured meshes is used here.
The solution gradients calculated at the face cerdbowed second order convergence with
mesh refinement for all the numerical formulatidested. The observed order of accuracy
results for the solution gradients at the face eanfor the three sides of the triangular cell gsin

node averaging method and weighted least squard®care shown in Figure 48.
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Figure 48: Order of accuracy results for gradientsat face center on a 2D unstructured
mesh with isotropic triangular cells using a) nodeveraging method and b) weighted least
squares method
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In the process of testing the diffusion operatahim Loci-CHEM code, the solution gradients are
calculated at the face center of only one sidehef triangular cell. The observed order of
accuracy results for the solution gradients at @inthe face centers of the triangular cell using
numerical formulation of diffusion operator in L&€HEM code are shown in Figure 49. The
error in the solution gradients calculated at theefcenter on a 2D unstructured mesh with
isotropic cells using the three numerical methausdé averaging, weighted least squares and
Loci-CHEM formulation) is compared and shown in uig 50. The errors in the solution
gradients are almost similar from the three metlardsLoci-CHEM approach produced slightly

higher errors.
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Figure 49: Order of accuracy results for gradientsat face center on a 2D unstructured
mesh with isotropic triangular cells using Loci-CHEM approach
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Figure 50: Comparison of error in the gradients atthe face center for the tested numerical
methods on a 2D unstructured mesh with isotropic iengular cells

5.5.2.2 Skewness with Aspect Ratio
For 2D unstructured meshes, triangular cells wigh laspect ratios will also be highly

skewed. These two aspects of mesh quality cannotesied separately when testing the
numerical formulations on triangular cells. The exgpratio of a triangular cell in this study is
defined as the minimum value of the base to height and the skewness is defined as the
smallest angle made by any two sides in a triarigle.skewed meshes with a minimum angle of
30°, 100, 5°, 1° 0.1° and 0.01° are used whdgnte the numerical formulations. The highest
aspect ratio achieved using these meshes are apateky 7000:1. The numerical formulations
of diffusion operators are tested on highly skewehgular unstructured meshes. The skewed
meshes considered for testing have all the celte same skewness. The solution gradients

u/ x and u/ y are calculated on the three faces of the triaargeéll which is the central cell of
the stencil considered. The mesh refinement is @yrfexing the cell center of the central cell as
the focal point and shrinking the remaining domeguially in all directions, thus maintaining the
cell quality with mesh refinement. For the noderageng method and the weighted least squares
method the solution gradients showed second omlerezrgence with mesh refinement for both
the numerical formulations tested on 2D unstructureangular mesh with skewed and aspect
ratio cells (Figure 42b). The change in skewnepsfsratio of the mesh has no effect on the

accuracy and a second order behavior is observed far the highly skewed meshes. The
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observed order of accuracy results for the solugi@dients at the three face centers on a highly
skewed triangular mesh with an aspect ratio of &td a minimum angle between sides of 1°
using node averaging method and weighted leastagmaethod are shown in Figure 51. While
testing the diffusion operator in the Loci-CHEM egdhe solution gradients are calculated at the
face center of only one side of the triangular aelll the solution gradients showed second order
convergence with mesh refinement for the Loci-CHEvmulation of the diffusion operator.
The observed order of accuracy results for thetispligradients at one of the face centers of the
triangular cell on a highly skewed mesh with aneaspatio of 70:1 and a minimum angle
between sides of 1° using numerical formulatiordiffiision operator in Loci-CHEM code are
shown in Figure 52. The error in the solution geats calculated at the face center on the
unstructured mesh with highly skewed and aspeict catls using the three numerical methods is
compared and shown in Figure 53. Of the three nigalenethods tested, Loci-CHEM approach
produced higher errors and the weighted least squapproach produced least errors on

unstructured mesh with highly skewed and aspeict catls.
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Figure 51: Order of accuracy results for gradientsat face center on a 2D unstructured
triangular mesh with skewed and aspect ratio cellasing a) node averaging method and b)
weighted least squares method
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Figure 52: Order of accuracy results for gradientsat face center on a 2D unstructured
triangular mesh with skewed and aspect ratio cellasing Loci-CHEM approach
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Figure 53: Comparison of error in the gradients atthe face center for the tested numerical
methods on a 2D unstructured triangular mesh with kewed and aspect ratio cells

5.5.2.3 Skewness with Curvature

Testing the effect of curvature for 2D unstructuneeshes with triangular cells will also
have skewness and possibly stretching in the rddi@ttion associated with the 2D unstructured
mesh. These mesh quality aspects are tested togetiiee concentrating on the effect of
curvature on the numerical formulations of the udfobn operators. The numerical formulations

of diffusion operators are tested on meshes wih burvature which have an inner radius of 20
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and the angle made by the stencil ranging frono8P60°. For the node averaging method and
the weighted least squares methods, the solutiadiegrts u/ x and u/ y are calculated on the
three faces of the triangular cell which is thetcdncell of the stencil considered. The mesh
refinement is done by fixing the cell center of tdemtral cell as the focal point and shrinking the
remaining domain equally in all directions, thusim@ning the cell quality with mesh
refinement. For the node averaging method, it iseoled that the solution gradient showed
zeroth order accuracy with mesh refinement whising on curved meshes. The errors in the
calculation of the solution gradients do not deseewith mesh refinement. The inconsistency
started showing up when the angle made by theikierabove 20°. Certainly, the node average
method is inconsistent while testing it on the 23touctured curvilinear mesh (Figure 42c). The
observed order of accuracy results for the solugi@dients at the three face centers using node
averaging method on a 2D unstructured mesh withature (when angle made by the stencil is
160°) is shown in Figure 54a.

For the weighted least squares method, it is olesetivat the solution gradient converged
to first order accuracy with mesh refinement whesting on curved meshes. Again, the first
order behavior started showing up when the angldenty the stencil is 20° and above. The
weighted least squares method is considered todieofder accurate while testing it on the 2D
unstructured curvilinear mesh. The observed orfl@couracy results for the solution gradients
at the three face centers weighted least squarésotheon a 2D unstructured mesh with
curvature (when angle made by the stencil is 180%hown in Figure 54b. So both the node
averaging and weighted least squares methodsoféé tsecond order accurate and an accuracy
drop is observed while testing these methods on udBtructured meshes which curved

boundaries.

93



E I T T T I \\\I\HE

2F 1

15F =

o o l: ]

= = F E

[8) &) F E

8 Sos5F =
] 5
Q &)

Q Q oF -

< < F E

8 2—0.5,— L =

o) [} F -L 1

° i< aF R -

O O F -R ]

-1.5F B E

—— du/dy - B

2F =

E P ERREN RN AU

20 40 60 80

h
a) b)

Figure 54: Order of accuracy results for gradientsat face center on a 2D unstructured
triangular mesh with skewed and curved cells using) node averaging method and b)
weighted least squares method

The next method tested on 2D unstructured cunalineeshes is the Loci-CHEM
formulation of diffusion operator. The solution drents u/ x and u/ y are calculated on one
of the three faces of the triangular cell whictthe central cell of the stencil considered. The
mesh refinement is done by fixing the face centeavtach the solution gradients are calculated
as the focal point and shrinking the remaining dionegually in all directions. With the Loci-
CHEM formulation tested on curved meshes, it iseoled that the solution gradients calculated
at the face center showed second order behavidr migsh refinement. The Loci-CHEM
formulation is tested on a curved mesh where tligeamade by the stencil is 80°. Also, the
change in mesh curvature has no effect on the acguihe observed order of accuracy results
for the solution gradients on the face center usimg-CHEM formulation of diffusion operator

on a 2D unstructured mesh with curvature is showiigure 55.
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Figure 55: Order of accuracy results for gradientsat face center on a 2D unstructured
triangular mesh with skewed and curved cells usingoci-CHEM approach

The other method tested on 2D unstructured cuealimeshes is the Face Approximate
Mapping Least Squares (FAMLSQ) method which usesompact stencil to formulate the
solution gradients at the face center. The tesndone in a slightly different way for this
formulation where the mesh is shrunk such thatréaal cell size and the angle made by the
stencil are reduced by a factor of two for evefjnement instead of refinement in the x and y
coordinate directions. Systematic mesh refinemgrsatisfied even for this kind of refinement
where the quality of the mesh improves insteadayfisg constant with every refinement. Using
this formulation, the solution gradients/ x and u/ y are calculated on one of the three faces
of the triangular cell which is the central celltbé stencil considered. This formulation used for
calculating the solution gradients at the face @eshowed second order accuracy with mesh
refinement. The observed order of accuracy resottthe solution gradients on the face center
using the FAMLSQ formulation with a compact stenoit a 2D unstructured mesh with
curvature is shown in Figure 56. The error in tbkitson gradients calculated at the face center
on the unstructured mesh with highly skewed angerlicells using the four numerical methods
tested is compared and shown in Figure 57. Fronplkbie the errors in the solution gradients
using node averaging method do not reduce with mefsliement and the errors in the solution
gradients using weighted least squares method eeatufirst order with mesh refinement. Loci-
CHEM approach and FAMLSQ approach produced sinelaors and the errors reduced at
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second order with mesh refinement for both the @ggres on 2D unstructured mesh with

skewed and curved cells.
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Figure 56: Order of accuracy results for gradientsat face center on a 2D unstructured
triangular mesh with skewed and curved cells usingGAMLSQ approach
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Figure 57: Comparison of error in the gradients atthe face center for the tested numerical
methods on a 2D unstructured triangular mesh with kewed and curved cells

From the tests done on 2D unstructured meshesdifitrent mesh qualities, it can be
concluded that the node averaging method and thghteel least squares method are second

order accurate on skewed unstructured mesh withcasptio cells, but their accuracy drops
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when the formulations are tested on unstructuredlowear meshes. The numerical formulation
of diffusion operator in Loci-CHEM code and the FABIQ method using compact stencil are
second order accurate on unstructured meshes ivitleah qualities and can be considered as
consistent formulations for calculation of diffusiterms on 2D unstructured meshes from this
analysis. This approach of testing the numericahtdation can be extended to 3D, since the
shrinking aspect of mesh refinement for calculatimg order of accuracy from different mesh

levels can be applied easily in 3D saving signiftaaomputational power and time.
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6. Conclusions

6.1 Summary of Results

A detailed code verification study of an unstruetlifinite volume code was performed.
The finite volume code, Loci-CHEM, is used for ridae flow simulations of rocket engines.
The MMS was used to generate exact solutions forpbex governing equations. Systematic
mesh refinement which is important for code veaificn was explained. Different options in the
finite volume CFD code were verified which includdide baseline steady-state governing
equations, transport models, different boundaryditaon options, turbulence models, and time
accuracy of unsteady flows. All the options weréedained to be verified when the observed
order of accuracy matched the formal order on tBeh¥®brid and 3D hybrid mesh which
contained all cell topologies (triangular, quadafal, hexahedral, tetrahedral, and prismatic
cells). When the verification process failed on amg of these complex hybrid meshes, then
simpler meshes were considered to isolate the @mublCoding mistakes, algorithm
inconsistencies, and mesh quality sensitivities ouaced during code verification were
presented. By testing the finite volume code offiedéint meshes, the effect of cell quality and

cell topology on the order of accuracy of the ca@des also assessed.

A survey of diffusion operators for compressible DCKBolvers was conducted to
understand the different formulation procedures ddfusion terms. Some of the diffusion
operators extensively used in CFD solvers and soméhe recently developed diffusion
operators were evaluated by testing them on diftertructured and unstructured mesh
topologies with different mesh quality aspectsdocuracy. A patch-wise version of the Method
of Manufactured Solutions for code verification wased for the evaluation of the diffusion
operators. The numerical formulations were teste@D structured and 2D unstructured meshes
with different cell quality aspects like skewneaspect ratio, stretching and curvature. During
the testing of the numerical formulations, the obseé order of accuracy calculated from
multiple mesh levels was compared with the formaleo of accuracy. Multiple mesh levels
were achieved by shrinking the mesh over a focahtpmther than a conventional mesh
refinement. All the numerical formulations tested 2D structured meshes were accurate and
consistent as they showed second order convergeneeery type of mesh considered. All the

numerical formulations tested on 2D unstructuredhme were accurate when tested on skewed
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mesh with aspect ratio cells, but the node avegagiethod and weighted least squares method
were not consistent as their accuracy dropped ds flean second order while testing on 2D
unstructured curved meshes. The diffusion operdatonulation in the Loci-CHEM CFD code

and the FAMLSQ approach using a compact stencievieand to be consistent and accurate
diffusion operators while testing the formulatioms 2D unstructured meshes as they achieved

second order convergence on 2D unstructured megtieall cell quality aspects.

6.2  Main Contributions of this Work
There are some new contributions to the field om@otational Fluid Dynamics from

this research work.

1. The requirements for generating 3D unstructured heeswith systematic mesh
refinement were identified and FORTRAN codes wesgetbped to generate multiple
mesh levels for 3D unstructured meshes and 3D thytmeshes for code verification
purposes. To our knowledge, present commercial nggsteration software cannot
generate different mesh levels of 3D unstructures$hmas or 3D hybrid meshes which
satisfy systematic mesh refinement.

2. The effect of mesh quality on numerical accuracys wétudied by testing governing
equations and different numerical formulations dfecent mesh topologies with varying
mesh qualities.

3. A unique way of verifying the time accuracy of waly flows was identified. In the
process of verifying the spatial and time terma igoverning equation simultaneously, a
method for the selection of spatial and temporep sizes such that the discretization
error in both spatial and temporal terms are oflammagnitudes was developed.

4. The shrinking of meshes of over a focal point fengrating multiple mesh levels was
used for testing of different formulations withoattually running the code. This
procedure was applied successfully to decrease ctmputational effort in code
verification.

5. Through the code verification work discussed hereoti-CHEM is currently the most
verified compressible CFD code. We know of no otleempressible CFD codes

presently which are verified as extensively as LOEEM.
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6.3  Future Work and Recommendations

Some future recommendations are mentioned here. @nehem is generating
Manufactured Solutions for verification of boundacgnditions when the boundaries have
curvature. It is required to come up with an ingelht way to design the Manufactured Solutions
for some of the boundary condition options whenliadpto curved boundaries to satisfy
constraints on normal derivatives. Another reconmuiaéion is the application of verification of
different numerical formulations in 3D using therisking technique for generating multiple
mesh levels which makes it easier in terms of cdatmnal resources for code verification

purposes. In this case, the numerical formulataresested without running the code.
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Appendix A

A summary of several options verified in the finte@lume Loci-CHEM CFD code is shown in
Figure Al.

Figure Al: Verification of different options in the finite volume Loci-CHEM CFD code
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Appendix B

After the Navier-Stokes equations were verifiedo second order accurate on a 3D skewed
hybrid mesh but showed a reduced accuracy on thai@ly skewed hybrid mesh, the mesh

quality was quantified with some parameters. Thi geality aspects were quantified and
tabulated for the 65x65x65 meshes. These numbeishvguantify the cell quality did not

change much for different mesh levels and improv#ld mesh refinement for a particular mesh

type which satisfied systematic mesh refinemente Thll quality is quantified for the 3D
skewed hybrid mesh and the 3D highly skewed hytmégh are shown in Table B1.

Table B1. Quantification of cell quality

3D skewed hybrid mesh 3D highly skewed hybrid mesh
Mesh Size 65x65%65 65x65x65
Maximum Cell Angle 37.4523 58.1545
Maximum Twist 0.0100871 0.00480552
Maximum Shear Twist 0.000306531 0.00100128

In the above table, maximum cell angle is definethe@ maximum cell to face angle and it is the
angle between the face normal and the cell cerstrdillis angle provides an indication of mesh
isotropy. Lower the maximum cell angle better is thesh quality. For non-triangular faces, the
faces can be non-planar i.e. twisted. The twistimet the measure of the non-planar component
of the face geometry. Twist is the deviation of thee in the direction away from the plane of
the face and shear twist is the deviation of thoe fia the plane of the face itself. A value of 0.1

indicates that the face geometry deviates fronptaear description by 10 percent.
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Appendix C

For boundary conditions and turbulence models,cthrestants and the trigonometric functions
used in the Manufactured Solutions in 2D and 3Diraifeable C1 and Table C2, respectively.

Table C1. Constants for 2D Manufactured Solutions

Equation f fo fy fy fuy
(kg/n?) 1 0.15 -0.1 0.08
u (m/s) 70 7 -8 5.5
v (m/s) 90 5 10 -11
p (N/n) 1x10 0.2x10 | 0.175x10 | -0.25x10
T (K) 350 10 -30 15
k (m°/SY) 780 160 -120 80
(1/s) 150 -30 22.5 40
Equation f A x Ay Gt xy
(kg/n?) 0.75 1 1.25
u (m/s) 1.5 1.5 0.6
v (m/s) 15 1 0.9
p (N/nT) 1 1.25 0.75
T (K) 0.75 1.25 1.25
k (/<) 0.65 0.7 0.8
(1/s) 0.75 0.875 0.6
Equation f fs () fs (y) fs (xy)
(kg/nT) cos sin cos
u (m/s) sin cos cos
v (m/s) sin cos cos
p (N/n) cos sin sin
T (K) cos sin cos
k (/s cos sin cos
(1/s) cos sin cos
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Table C2. Constants for 3D Manufactured Solutions

Equation f fo fy fy f, fuy fyz f ox
(kg/n?) 1 0.15 -0.1 0.1 0.08 0.05 0.12
u (m/s) 70 7 -15 -10 7 4 -4
v (m/s) 90 -5 10 5 -11 -5 5
w (m/s) 80 -10 10 12 -12 11 5
p (N/nf) 1x10 0.2x16 0.5x16 0.2x16 | -0.25x10 | -0.1x16 | 0.1x10
T (K) 350 10 -30 20 10 -12 15
k (MP/SY) 780 160 -120 80 80 60 -70
(1/s) 150 -30 22.5 20 40 -15 25
Equation f ax ay &, By Bryz 8 2x
(kg/nT) 0.75 0.45 0.8 0.65 0.75 0.5
u (m/s) 0.5 0.85 0.4 0.6 0.8 0.9
v (m/s) 0.8 0.8 0.5 0.9 0.4 0.6
w (m/s) 0.85 0.9 0.5 0.4 0.8 0.75
p (N/nf) 0.4 0.45 0.85 0.75 0.7 0.8
T (K) 0.75 1.25 0.5 0.65 0.75 0.5
k (nf/s) 0.65 0.7 0.8 0.8 0.85 0.6
(1/s) 0.75 0.875 0.65 0.6 0.75 0.8
Equation f fs (x) fs (y) fs (2) fs (xy) fs (y2) fs (zx)
(kg/nT) cos sin sin cos sin cos
u (m/s) sin cos cos cos sin Cos
v (m/s) sin cos cos cos sin cos
w (m/s) cos sin cos sin sin cos
p (N/nf) cos cos sin cos sin cos
T (K) cos sin sin cos sin cos
k (nP/SY) cos cos sin cos cos sin
(1/s) cos cos sin cos cos sin
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